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Abstract 

This article is devoted to the investigation of semidirect products of 
groups of loops and groups of homeomorphisms or groups of diffeomor- 
phisms of finite and infinite dimensional real, complex and quaternion 
manifolds. Necessary statements about quaternion manifolds with 
quaternion holomorphic transition mappings between charts of atlases 
are proved. It is shown, that these groups exist and have the infinite 
dimensional Lie groups structure, that is, they are continuous or dif- 
ferentiable manifolds and the composition (f,g) i— > f~ l g is continuous 
or differentiable depending on a class of smoothness of groups. More- 
over, it is demonstrated that in the cases of complex and quaternion 
manifolds these groups have structures of complex and quaternion 
manifolds respectively. Nevertheless, it is proved that these groups 
does not necessarily satisfy the Campbell-Hausdorff formula even lo- 
cally besides the exceptional case of a group of holomorphic diffeomor- 
phisms of a compact complex manifold. Unitary representations of 
these groups G' including irreducible are constructed with the help of 
quasi- invariant measures on groups G relative to dense subgroups G' . 
It is proved, that this procedure provides a family of the cardinality 
card(R) of pairwise nonequivalent irreducible unitary representations. 
A differentiabilty of such representations is studied. 
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1 Introduction. 



Gaussian quasi-invariant measures on loop groups and diffeomorphism groups 
of Riemannian manifolds were investigated earlier (by the author) in [41, 
43, 44]. Traditionally geometric loop groups are considered as families of 
mappings / from the unit circle S 1 to a manifold iV which map a marked 
point s G 5 11 to a marked point y of N. In fact these mappings are defined 
as equivalence classes in the group of N- valued C°°-diffeomorphisms on S 1 , 
where two mappings j\ and f 2 are called equivalent if there exists a C°°- 
diffeomorphism tp : S 1 — > S* 1 preserving the orientation such that f\ = f'2 o (p 
and equivalence classes are closures of such families of equivalent mappings. 
This concept was generalized and investigated in [41] to include loop groups 
as families of C°°-mappings from one Riemannian manifold M to another N, 
which "preserve marked points" so € M and yo G N. Here again equivalence 
classes under appropriate C°°-diffeomorphisms are used. This is done via 
the construction of an Abelian group from a commutative monoid with a 
unit together with the cancellation property which is available under rather 
mild conditions on the finite or infinite dimensional manifolds M and N. In 
this paper besides Riemannian manifolds also groups of loops of complex and 
quaternion manifolds are investigated. 

Groups of loops and groups of diffeomorphisms of quaternion manifolds 
are defined and investigated here for the first time. It is necessary to note, 
that semidirect products of these groups also were not earlier considered. 

Holomorphic functions of quaternion variables were investigated in [47, 
48] . There specific definition of superdifferentiability was considered, because 
the quaternion skew field has the graded algebra structure. This definition of 
superdifferentiability does not impose the condition of right or left superlin- 
earity of a super differential, since it leads to narrow class of functions. There 
are some articles on quaternion manifolds, but practically they undermine a 
complex manifold with additional quaternion structure of its tangent space 
(see, for example, [56, 75] and references therein). Therefore, quaternion 
manifolds as they are defined below were not considered earlier by others au- 
thors (see also [46]). Applications of quaternions in mathematics and physics 
can be found in [17, 23, 24, 40]. 

If we consider the composition of two nontrivial C n -loops pinned in the 
marked point sq, where n > 1, then the resulting loop is continuous, but 
in general not of class C n . This can easily be seen from examples of loops 
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on the unit circle S 1 and the unit sphere S* 2 . If e.g. / : S 1 — > S 2 is a C n - 
loop, with n > 1. Then / and /' are continuous functions, which may be 
considered to be defined on the interval. Then /(0) = /(l) and lin^o /'(#) — 
lim^f! /'(#) =: /'(0). There exists another C n -loop g such that g(0) = /(0), 
but with </(0) 7^ /'(0). As an example of a non-C 1 continuous loop /i we 
concatenate / with <? to obtain the loop h(0) := /(20) for each G [0, 1/2) 
and := g(2# — 1) for each 9 e [1/2, 1]. Such mappings ft, are generally 
speaking only piecewise C n -continuous and continuous. Another reason that, 
although S n V S n is a retract of S n , the manifolds S*™ V S n and 5 n are not 
diffeomorphic. In addition, there exists a continuous mapping from S* 1 x S n 
onto S n+1 , but this mapping is not a diffeomorphism (see [71]). Naturally, 
smooth compositions of mappings between loop monoids and loop groups 
manifolds with corners (with the corresponding atlases) are being used. Such 
compositions and mappings permit us to define topological loop monoids 
and topological loop groups. Below the reader will find two other reasons to 
consider manifolds with corners. 

A commutative monoid is not a free (pinned) loop space, because it is ob- 
tained from the latter by factorization. In order to construct loop groups, the 
underlying manifold has to satisfy some mild conditions. Finite dimensional 
manifolds are supposed to be compact. This condition is not very restrictive, 
because each locally compact space can be embedded into its Alexandroff 
(one-point) compactification (see Theorem 3.5.11 in [18]). If the manifold 
M is infinite dimensional over C, then it is assumed, that M is embedded 
as a closed bounded subset in a corresponding Banach space X M . In order 
to define a group structure on a quotient space of a free loop space, such an 
embedding is required. 

Let M and N be complex or real manifolds with marked points sq e M 
and yo & N respectively. By definition the free loop space of these pointed 
manifolds consists of those continuous mappings / : M — > iV which are 
(piecewise) holomorphic in the complex case or C°° (in the real case) on 
M \ M', where M' is a submanifold of M (which may depend on /) of 
codimension 1 in M, and which have the property that /(so) — Ho- There 
are at least two reasons to consider such a class of mappings. The first one 
being the fact that compositions of elements of a loop group can be defined 
correctly. The second reason is the existence of an isoperimetric inequality 
(for holomorphic loops) which causes a loop, which is close to a constant loop 
wo : M — > {yo}, to be constant in a neighbourhood of s (see Remark 3.2 in 
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[29]). 

In this article loop groups of different classes of smoothness are consid- 
ered. Classes analogous to Gevrey classes and also with the usage of Sobolev 
classes of / : M \ M' — > N are considered for the construction of dense loop 
subgroups and quasi-invariant measures. Henceforth, we consider not only 
orientable manifolds M and N, but also nonorientable manifolds. Loop com- 
mutative monoids with the cancellation property are quotients of families of 
mappings / from M into a manifold N with /(so) — Ho by the corresponding 
equivalence relation. For the definition of the equivalence relation groups of 
holomorphic diffeomorphisms are not used here, because of strong restric- 
tions on their structure caused by holomorphicity (see Theorems 1 and 2 
in [7]). Groups are constructed from monoids via the algebraic procedure, 
which was possibly first described by A. Grothendieck in an abstract context 
used in algebraic topology not meaning concrete groups related with those 
investigated in this paper. 

Loop groups are Abelian, non-locally compact for dimnN > 1 and for 
them the Campbell-Hausdorff formula is not valid (in an open local sub- 
group). Apart from them, finite dimensional Lie groups satisfy locally the 
Campbell-Hausdorff formula. This is guarantied, if impose on a locally com- 
pact topological Hausdorff group G two conditions: it is a C°°-manifold and 
the mapping (/, g) i— > fog^ 1 from GxG into G is of class C°° . But for infinite 
dimensional G the Campbell-Hausdorff formula does not follow from these 
conditions. Frequently topological Hausdorff groups satisfying these two con- 
ditions are also called Lie groups, though they can not have all properties of 
finite dimensional Lie groups, so that the Lie algebras for them do not play 
the same role as in the finite dimensional case and therefore Lie algebras are 
not so helpful. If G is a Lie group and its tangent space T e G is a Banach 
space, then it is called a Banach-Lie group, sometimes it is undermined, that 
they satisfy the Campbell-Hausdorff formula locally for a Banach-Lie algebra 
T e G. In some papers the Lie group terminology undermines, that it is finite 
dimensional. It is worthwhile to call Lie groups satisfying the Campbell- 
Hausdorff formula locally (in an open local subgroup) by Lie groups in the 
narrow sense; in the contrary case to call them by Lie groups in the broad 
sense. 

The problem to investigate unitary representations of nonlocally compact 
groups with the help of quasi-invariant measures was formulated in sixties of 
the 20-th century by I.M. Gelfand [69]. For construction of quasi-invariant 
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measures on groups it can be used a local diffeomorphism of a Lie group 
as a manifold with its tangent space, where diffeomorphism need not be 
preserving group structure and may be other than the exponential mapping of 
a manifold. On tangent space it is possible to take a quasi-invariant measure, 
for example, Gaussian or a transition measure of a stochastic process, for 
example, Brownian (see [69, 44] and references therein). General theorems 
about quasi-invariance and differentiabilty of transition probabilities on the 
Lie group G relative to a dense subgroup G' were given in [6, 12], but they 
permit a finding of G' only abstractly and when a local subgroup of G satisfies 
the Campbell-Hausdorff formula. For Lie groups which do not satisfy the 
Campbell-Hausdorff formula even locally this question has been remaining 
open, as it was pointed out by Belopolskaya and Dalecky in Chapter 6. They 
have proposed in such cases to investigate concrete Lie groups that to find 
pairs G and G' . On the other hand, the groups considered in the present 
article do not satisfy the Campbell-Hausdorff formula. 

Below loop groups and diffeomorphism groups and their semidirect prod- 
ucts are considered not only for finite dimensional, but also for infinite di- 
mensional manifolds. 

In particular, loop and diffeomorphism groups are important for the de- 
velopment of the representation theory of non-locally compact groups. Their 
representation theory has many differences with the traditional represen- 
tation theory of locally compact groups and finite dimensional Lie groups, 
because non-locally compact groups have not C*-algebras associated with 
the Haar measures and they have not underlying Lie algebras and relations 
between representations of groups and underlying algebras (see also [42]). 

In view of the A. Weil theorem if a topological Hausdorff group G has a 
quasi-invariant measure relative to the entire G, then G is locally compact. 
Since loop groups (L M N)^ are not locally compact, they can not have quasi- 
invariant measures relative to the entire group, but only relative to proper 
subgroups G' which can be chosen dense in (L M N)^, where an index £ indi- 
cates on a class of smoothness. The same is true for diffeomorphism groups 
(besides holomorphic diffeomorphism groups of compact complex manifolds). 
Diffeomorphism groups of compact complex manifolds are finite dimensional 
Lie groups (see [36] and references therein). It is necessary to note that 
there are quite another groups with the same name loop groups, but they 
are infinite dimensional Banach-Lie groups of C°°-mappings / : M — > H 
into a finite dimensional Lie group H with the pointwise group multiplica- 
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tion of mappings with values in H such that C°°(M, H) satisfies locally the 
Campbell-Hausdorff formula. 

The traditional geometric loop groups and free loop spaces are important 
both in mathematics and in modern physical theories. Moreover, generalized 
geometric loop groups also can be used in the same fields of sciences and 
open new opportunities. In the cohomology theory and physical applications 
stochastic processes on the free loop spaces are used [16, 32, 49]. In these 
papers were considered only particular cases of real free loop spaces and 
groups for finite dimensional manifolds N for mappings from S l into N. No 
any applications to the representation theory were given there. 

On the other hand, representation theory of non-locally compact groups 
is little developed apart from the case of locally compact groups (see [5, 19] 
and references therein). In particular, geometric loop and diffeomoprphism 
groups have important applications in modern physical theories (see [31, 50] 
and references therein). Groups of loops and groups of diffemorphisms are 
also intesively used in gauge theory. Loop groups defined below with the help 
of families of mappings from a manifold M into another manifold N with a 
dimension dim(M) > 1 can be used in the membrane theory which is the 
generalization of the string (superstring) theory. 

One of the main tools in the investigation of unitary represenations of 
nonlocally compact groups are quasi-invariant measures. In previous works 
of the author [43, 44] Gaussian quasi-invariant measures were constructed on 
diffeomorphism groups with some conditions on real manifolds. For example, 
compact manifolds without boundary were not considered, as well as infinite 
dimensional manifolds with boundary. In this article new Gevrey-Sobolev 
classes of smoothness for diffeomorphism groups of infinite dimensional real, 
complex and quaternion manifolds are defined and investigated. This permits 
to define on them the Hilbert manifold structure. This in its turn simplifies 
the construction of stochastic processes and transition quasi-invariant prob- 
abilities on them. Transition probabilities are constructed below, which are 
quasi-invariant, for wider classes of manifolds. Pairs of topological groups 
G and their dense subgroups G' are described precisely. Then measures are 
used for the study of associated unitary regular and induced representations 
of dense subgroups G' . 

Section 2 is devoted to the definitions of topological and manifold struc- 
tures of loop groups and diffeomorphism groups and their semidirect prod- 
ucts and their dense subgroups. For this necessary statements about struc- 
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tures of quaternion manifolds are proved in Propositions 2.1.3.3, 4, Theorems 
2.1.3.6, 7, 9, Lemmas 2.1.6, 2.1.6.2. The existence of these groups is proved 
and that they are infinite dimensional Lie groups not satisfying even locally 
the Campbell-Hausdorff formula besides the degenerate case of groups of 
holomorphic diffeomorphisms of compact complex manifolds (see Theorems 
2.1.4.1, 2.1.7, 2.2.1, 2.8, 2.9, 2.10, 2.11, Lemmas 2.5, 2.5.1, 2.6.2, 2.7). In the 
cases of complex and quaternion manifolds it is proved that they have struc- 
tures of complex and quaternion manifolds respectively. Their structure as 
manifolds and groups is studied not only for orientable manifolds, but also for 
nonorientable manifolds M or N over R or H (see Theorem 2.1.8). In Sec- 
tion 3 transition quasi-invariant differentiable probabilities are studied (see 
Theorem 3.3). Unitary representations of dense subgroups G' founded in 
Sections 2 and 3 are investigated in Section 4. All objects given in Sections 
2-3 were not considered by other authors, besides very specific particular 
cases of the diffeomorphism group of real and complex finite dimensional 
manifolds and loop groups for M = S 1 outlined above. In Section 4 unitary 
representations including topologically irreducible of semidirect products and 
constituing them subgroups are investigated. It is proved, that this procedure 
provides a family of the cardinality card(R) of pairwise nonequivalent irre- 
ducible unitary representations. A differentiability of such representations is 
studied. Then a usefulness of differentiable representations is illustrated for 
construction of representations of the corresponding algebras. 
All results of this paper are obtained for the first time. 

2 Semidirect products of groups of loops and 
groups of diffeomorphisms of finite and in- 
finite dimensional manifolds. 

To avoid misunderstandings we first give our definitions of manifolds consid- 
ered here and then of loop and diffeomorphism groups. 

2.1.1. Remark. An atlas At(M) = {(Uj,(pj) : j} of a manifold M on a 
Banach space X over R is called uniform, if its charts satisfy the following 
conditions: 

(Ul) for each x G G there exist neighbourhoods U% C U]. C Uj such that for 
each y E U% there is the inclusion Ul C Ul\ 
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(U2) the image (j>j(U%) C X contains a ball of the fixed positive radius 
fa(U 2 x ) D B(X, 0, r) := {y : y G X, \\y\\ < r}; 

(£73) for each pair of intersecting charts (Ui, fa) and (U 2 , fa) connecting map- 
pings F Ml = faofa 1 are such that sup^ \\F' Mi (x)\\ < C and sup^ ||F£ 1)0a (a;)|| < 
C, where C = const > does not depend on 0x and fa. For the diffeomor- 
phism group Dif /| (M) and loop groups (L M N)^ we also suppose that 
manifolds satisfy conditions of [41, 43, 44] such that these groups are sepa- 
rable, but here let M and iV may be with a boundary, where 
(XI) N is of class not less, than (strongly) C°° and such that sup x ^Sj t ll^™^ ( x ) II — 
C n for each < n G Z, when Vjj ^ 0, C ra > are constants, At(N) : = 
{(Vj, V'j) : j} denotes an atlas of N, Vj i := Vj fl are intersections of charts, 

•s;,/: on-,).u,\} v. 

Conditions (C/l — U3, Nl) are supposed to be satisfied for the manifold N 
for each loop group, as well as for the manifold M for each diffeomorphism 
group. Certainly, classes of smoothness of manifolds are supposed to be not 
less than that of groups. 

2.1.2.1. Definition. A canonical closed subset Q of the Euclidean 
space X = R n or of the standard separable Hilbert space X = ^(R) over 
R is called a quadrant if it can be given by the condition Q := {x e X : 
Qj{ x ) ^ 0}j where (qj : j G Aq) are linearly independent elements of the 
topologically adjoint space X*. Here Aq C N (with card(Aq) = k < n when 
X = R n ) and k is called the index of Q. If x G Q and exactly j of the g^'s 
satisfy qi(x) = then x is called a corner of index j. 

If X is an additive group and also left and right module over H with the 
corresponding associativity and distributivity laws then it is called the vector 
space over H. In particular /2(H) consisting of all sequences x = {x n G H : 
n G N} with the finite norm ||x|| < 00 and scalar product (x, y) := D^Li x nV* n 
with ||x|| := (x, x) 1 ! 2 is called the Hilbert space (of separable type) over H, 
where z* denotes the conjugated quaternion, zz* =: \z\ 2 , z G H. Since the 
unitary space X = C n or the separable Hilbert space /2(C) over C or the 
quaternion space X = H n or the separable Hilbert space /2(H) over H while 
considered over the field R is isomorphic with Xr := R 2n or ^(R) or R 4n or 
/2(R) respectively, then the above definition also describes quadrants in C n 
and /2(C) and H n and in Z 2 (H). In the latter case we also consider generalized 
quadrants as canonical closed subsets which can be given by Q := {x G Xr, : 
qj(x + a,j) > 0, Oj G X R , j G Aq}, where Aq C N (card^Aq) = k G N when 
dimnXn < 00). 
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2.1.2.2. Notation. If for each open subset U C Q C X a function 
/ : Q — > Y for Banach spaces X and Y over R has continuous Frechet 
differentials D a f\u on {7 with sup xeU \\D a f(x)\\ L ( X a ,Y) < °o for each < a < 
r for an integer < r or r = oo, then / belongs to the class of smoothness 
C r (Q, Y), where < r < oo, L(X k , Y) denotes the Banach space of bounded 
fc-linear operators from X into Y. 

2.1.2.3. Definition. A differentiable mapping / : U — > U' is called a 
diffeomorphism if 

(i) f is bijective and there exist continuous mappings /' and (f^ 1 )', where 
U and U' are interiors of quadrants Q and Q' in X. 

In the complex case and in the quaternion case we consider bounded 
generalized quadrants Q and Q' in C n or /2(C) and in H n or /2(H) respec- 
tively such that they are domains with piecewise C°°-boundaries. We impose 
additional conditions on the diffeomorphism / in the complex case: 

(U) df = 0on U, 

(Hi) f and all its strong (Frechet) differentials (as multilinear opera- 
tors) are bounded on U, where df and df are differential (1,0) and (0, 1) 
forms respectively, d = d + 8 is an exterior derivative. In particular, for 
z = (z 1 , ...,z n ) G C n , z j G C, z j = x 2j ~ x + ix 2j and x 2j ~ l ,x 2j G R for each 
j = l,...,n, % = (— 1) 1//2 , there are expressions: df := X)™ =1 (9/ '/ 'dz^)dz^ , 
df := Y^ = i(d f / dz^)dzK In the infinite dimensional case there are equa- 
tions: (df)(ej) = df/dz j and (df)(ej) = df /dz j , where {ej : j G N} is the 
standard orthonormal base in /2(C), df/dz j = (df/dx 2 ^ 1 — idf /dx 2j )/2, 
df/dzi = (df/dx 2 i- 1 +idf/dx 2 i)/2. 

In the quaternion case consider quaternion holomorphic diffeomorphisms 

/: 

(iv) df = on U, 

(v) f and all its super differentials (as R-multilinear H-additive operators) 
are bounded on U, where df and df are differential (1,0) and (0, 1) forms 
respectively, d = d + d is an exterior derivative, d corresponds to superdif- 
ferentiation by z and d corresponds to superdifferentiation by z := z*, z G U 
(see [47]). 

The Cauchy-Riemann Condition (ii) in the complex case or (iv) in the 
quaternion case means that / on U is the complex holomorphic or quaternion 
holomorphic mapping respectively. 

2.1.2.4. Definition and notation. A complex manifold or a quaternion 
manifold M with corners is defined in the usual way: it is a metric separable 
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space modelled on X = C n or X = /2(C) or on X = H n or X = /2(H) 
respectively and is supposed to be of class C°°. Charts on M are denoted 
(Ui,Ui,Qi), that is, u t : U t — > Ui(U{) C Q/ is a C°°-diffeomorphism for each /, 
Ui is open in M, u\ o uf x is biholomorphic from the domain Uj(U n C/j) 7^ 
onto fl t/j) (that is, Uj o u^ 1 and o uj 1 are holomorphic and bijective) 
and ui o -uj 1 satisfy conditions (i — Hi) or (i, iv, v) correspondingly from 
§2.1.2.3, UjUj = M. 

A point x G M is called a corner of index j if there exists a chart (U, u, Q) 
of M with x E U and is of index mdj^(x) = j in w(t/) C Q. A set of 
all corners of index j > 1 is called a border DM of M, a; is called an inner 
point of M if ind M (x) = 0, so dM = U^i^'M, where d j M := {x G M : 
ind M (x) = j}. 

For a real manifold with corners on the connecting mappings Uiouj 1 G C°° 
of real charts is imposed only Condition 2.1.2.3(i). 

2.1.2.5. Definition of a submanifold with corners. A subset Y C M 
is called a complex or quaternion submanifold with corners of M if for each 
y G Y there exists a chart (U,u,Q) of M centered at y (that is u(y) = 0) 
and there exists a quadrant Q' C C k or in /2(C) or Q' C H k or C /2(H) 
respectively such that Q' C Q and w(F fl [/) = u(C/) fl Q'. A submanifold 
with corners Y of M is called neat, if an index in Y of each y EY coincides 
with its index in M. 

Analogous definitions are for real manifolds with corners for R k and R n 
or Z 2 (R) instead of C k and C n or Z 2 (C). 

2.1.2.6. Terminology. Henceforth, the term a complex manifold or a 
quaternion manifold modelled onl = C n or X = /2(C) or on X = H n or 
X = /2(H) means a metric separable space supplied with an atlas {(Uj, <f>j) : 
j G An} such that: 

(i) Uj is an open subset of for each j G A N and UjeA N Uj = N, where 
A N C N; 

(ii) <fij : Uj — > 4>j(Uj) C X is a C°°-diffeomorphism for each j, where 
4>j{Uj) is a C°°-domain in X; 

(Hi) <f)j o is a complex biholomorphic or quaternion biholomorphic 
mapping respectively from <f> m (U m fl Uj) onto 4>j(U m fl C/j) while C/ m fl Uj 7^ 0. 
When X = /2(C) or X = /2(H) it is supposed, that <j>j o 0" 1 is Frechet 
(strongly) C°°-differentiable for each j and m and certainly either condition 
(ii) or (iv) of §2.1.2.3 is satisfied. 

2.1.3.1. Remark. Let X be either the standard separable Hilbert space 
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h = h{C) over the field C of complex numbers or X = C n or l 2 = /2(H) 
over the skew field of quaternions or X = H n correspondingly. Let t G N Q 
:= NU{0}, N := {1, 2, 3, ...} and W be a domain with a continuous piecewise 
C°°-boundary dW in R 2m or in R 4m respectively, m G N, that is, W is a 
C^-manifold with corners and it is a canonical closed subset of C m or of H m , 
cl(Int(W)) = W, where cl(V) denotes the closure of V, Int(V) denotes the 
interior of V in the corresponding topological space. As usually if*(W, X) 
denotes the Sobolev space of functions / : W — * X for which there exists a 
finite norm 

H/bW) : = (E|«|<t \\D a f\\ 2 L2{w , x) ) 1/2 < 00, 
where f(x) = {f j {x) : j G N), f(x) G l 2 , f j {x) G C or f j (x) G H corre- 
spondingly, x G W, 

\\f\\ 2 L 2 (w,x) := /w ll/( x )ll 2 x-^(^ x )' ^ ^ S ^ ne Lebesgue measure on R 2m or 
on R 4m respectively, \\z\\ h := (E~i |^f) 1/2 , ^ = (V :j'eN)Gl 2l z J GC 
or G H. Then if°°(W,X) := DteN^W^) is a uniform space with a 
uniformity given by the family of norms {||/||.h-«(w,x) : t G N}. 

2.1.3.2. Sobolev spaces for manifolds. Let now M be a compact 
Riemannian or complex or quaternion C°°-manifold with corners with a finite 
atlas At(M) := {(C/j, <fo, Qj); i G Am}, where C/j is open in M for each i, 0, : 
Ui — > 4>i(Ui) C Qi C R m (or it is a subset in C m or in H m correspondingly) 
is a diffeomorphism (in addition holomorphic respectively as in §2.1.2.3), 
(Ui, (pi) is a chart, % G Am C N. 

Let also N be a separable real or complex or quaternion metrizable man- 
ifold with corners modelled either on X = R n or X = l 2 (R) or on X = C n 
or X = h(C) or on X = H n or /2(H) respectively. Let (Vi,ipi,Si) be 
charts of an atlas At(N) := {(Vi,ipi, Si) : i G A N } such that A N C N 
and ipi : Vi — > V'i(^i) ^ C X is a diffeomorphism for each i, V$ is 
open in N, \JieA N ^ = We denote by if*(M, iV) the Sobolev space of 
functions / : M — > N for which /jj G ^(Wij, X) for each j G A M and 
i G A at for a domain W^j 7^ of fij, where fij := ipi o / o and 
W^. = ^-(C/j n is a canonical closed subset of R m (or C m or H m 

respectively). The uniformity in if*(M, N) is given by the base {{f,g) G 
(H\M,N)) 2 : £ ieAjvJeAM Wfij ~ 9i,jf h^w^ ,x) < e )' where e > °> is a 
domain of (/^ - ^j). For t = 00 as usually H°°(M, N) := f| te N H*(M, N). 

2.1.3.3. Proposition. Let M be a quaternion manifold. Then there ex- 
ists a tangent bundle TM which has the structure of the quaternion manifold 
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such that each fibre T X M is the vector space over H. 

Proof. With the help of complex 2x2 matrices present each quaternion 
z, z = u f V where t, u G C, hence each z G H is also a real 4x4 matrix. 
Therefore, M has also the structure of real manifold. Since each quaternion 
holomorphic mapping is infinite differentiable (see Theorems 2.15 and 3.10 
[47]), then there exists its tangent bundle TM which is C°°-manifold such 
that each fibre T X M is a tangent space, where x G M, T is the tangent 
functor. If At(M) = {(Uj,^) : j}, then At(TM) = {(TU^Tfa) : j}, TUj = 
Uj x X, where X is the quaternion vector space on which M is modelled, 
T((f>j o (pj. 1 ) = ((f) j o (f)^ 1 , D((j)j o (fifr 1 )) for each Uj D Uk ^ 0- Each transition 
mapping (pj o (p^ 1 is quaternion holomorphic on its domain, then its (strong) 
differential coincides with the superdifferential D(<f>j o = D z ((f>j o (f)^ 1 ), 
since d((f>jO(f) k : ) = 0. Therefore, D^jo^ 1 ) is R-linear and H-additive, hence 
is the automorphism of the quaternion vector space X. Since D z (<f>j o (fiff. 1 ) 
is also quaternion holomorphic, then TM is the quaternion manifold. 

2.1.3.4. Proposition. Let M be a quaternion paracompact manifold on 
X = H n or on X = /2(H), where n G N. Then M can be supplied with the 
quaternion Hermitian metric. 

Proof. Mention that a continuous mapping 7r of a Hausdorff space A 
into another B is called an H- vector bundle, if 

(i) A x := 7i^ 1 (x) is a vector space X over H for each x G B and 

(ii) there exists a neighbourhood U of x and a homeomorphism if) : 
7r _1 (?7) — > U x X such that ip(A x ) = {x} x X and ip x : Aj. — > X is a 
H- vector isomorphism for each x G -B, where -j/* 1 := ■?/> o 7r 2 , 7r 2 : U xl^l 
is the projection, (U, ip) is called a local trivialization. 

An H-Hermitian inner product in a vector space X over H is a R-bilinear 
H-biadditive form < *, * >: X 2 — > H such that: 

(in) < x, x >> for each x G X, < x,x >= if and only if x — 0; 
(if) < x,y >*=< y, x > for each x,y & X; 

(v) < x,y + z >=< x,y > + < x, z >, < x + y,z >=< x, z > + < y, z > 
for each x,y,z G X; 

(vi) < ax, y >= a < x,y > and < x, 6w >=< x,y > b* for each x, y G X 
and a, 6 G H. 

If 7r : A — > is an H-vector bundle, then an H-Hermitian metric 3 on A 
is an assignment of an H-Hermitian inner product < *, * > x to each fibre A x 
such that for each open subset U in B and £,77 G C°°(U, A) the mapping < 
£,r) >:U — > H such that < £,77 > (x) =< £(x),r?(x) > x is C°°. An H-vector 
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bundle A equipped with an H-Hermitian metric g we call an H-Hermitian 
vector bundle. If A is paracompact, then each its (open) covering contains a 
locally finite refinement (see [18]). Take a locally finite covering {Uj : j} of 
B. By the supposition of this proposition X = H n or X = /2(H). Choose 
a subordinated real partition of unity {ctj : j} of class C°°: J2j a j( x ) = 1 
and Oij{x) > for each j and each x G B. Therefore, there exists a frame 
{efc : k G A} at x G B, where either A = {1,2, ...,n} or A = N, such that 
e k G C°°(Uj,A) for each k, {e k : k G A} are H-linearly independent at each 
y G Uj relative to left and right mulitplications on constants ak,bk from H, 
that is, J2k a kGkbk = if and only if J2k \ a kb k \ — 0, where x G Uj. Define 

< Z,V >l-= Efc^(e fc )(x)(r7(e fe )(x))* and < £77 > x := Ej®j(x) < £,r) >{. If 
£,?7 G C°°(U,A), then the mapping x 1— >< 77(2;) > x is C°° on [/. Since 

I < Z,V > x I < Y,jOij{x){< >i) 1/2 (< >i) 1/2 < 00 for each x E B, 
hence the H-Hermitian metric is correctly defined. For each b G R we have 

< £,b,i]b > x = \b\ 2 < £,1] > x , since R is the centre of the algebra H over R. 
Take in particular n : TM — > M and this provides an H-Hermitian metric 
in M. 

2.1.3.5. Definitions. A C^-mapping f : M ^ N is called an immersion, 
if rang(df\ x : T X M — > Tf^N) = tjim for each x G M, where uim '■= dim-^M. 
An immersion / : M — > N is called an embedding, if / is bijective. 

2.1.3.6. Theorem. Let M be a compact quaternion manifold, dim^M = 
m < 00. Then there exists a quaternion holomorphic embedding r : M 
jj2m+i anc ^ fl q Ua ternion holomorphic immersion 9 : M — > H 2m correspond- 
ingly. Each continuous mapping f : M — > H 2m+1 or / : M — > H 2m can &e 
approximated by r or 9 relative to the norm || * || c o. 

Proof. Since M is compact, then it is finite dimensional over H, dimuM = 
m G N, such that dim^M = 4m is its real dimension. Choose an atlas 
At'(M) refining initial atlas At(M) of M such that (U'j, <j>j) are charts of M, 
where each U'j is quaternion holomorphic diffeomorphism to an interior of 
the unit ball Int(B(H k , 0, 1)), where B(H k , y, r) := {z G H k : \z - y\ < r}. 
In view of compactness of M a covering {U'j,j} has a finite subcovering, 
hence At'(M) can be chosen finite. Denote for convenience the latter atlas 
as At(M). Let {Uj, <pj) be the chart of the atlas At{M), where Uj is open in 
M, hence M \ Uj is closed in M. 

Consider the space H k x R as the R-linear space R 4k+1 . The unit sphere 
S Ak := S(R 4fe+1 ,0, 1) := {z G R 4/c+1 : \z\ = 1} in H k x R can be supplied 
with two charts (Vi,<f>i) and (V2,<f>2) such that V\ := S 4k \ {0,...,0, 1} and 
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Vi '■= S 4k \ {0, 0, — 1}, where <p\ and 02 are stereographic projections 
from poles {0, 0, 1} and {0, 0, —1} of V\ and V2 respectively onto H k . 
Since z* = —(z + JzJ + KzK + LzL)/2 in H k , then 0i o 0" 1 (in the z- 
representation) is quaternion holomorphic diffeomorphism of H k \ {0}, but 
certainly with neither right nor left superlinear superdifferential D z (0io0 2 _1 ) ) 
where J, K, L are complex Pauli 2 x 2-matrices. Thus S 4k can be supplied 
with the structure of the quaternion manifold. 

Therefore, there exists a quaternion holomorphic mapping ipj (that is, 
locally ^-analytic [47]) of M into the unit sphere S 4m such that ipj(M\Uj) = 
{xj} is the singleton and ipj : Uj — > ipj(Uj) is the quaternion holomorphic 
diffeomorphism onto the open subset ijjj(Uj) in S 4m , Xj G S Am \ipj(Uj). There 
is evident embedding of H m x R into H m+1 . Then the mapping ip(z) : = 
(tpi(z), ...,ip n (z)) is the embedding into (S 4m ) n and hence into H nm+1 , since 
the rank rank[d z ip(z)] = 4m at each point z G M, because rank[d z ipj(z)] = 
4m for each z G Uj and dim-Hip (Uj) < dim^M = m. Moreover, ip(z) 7^ ip(y) 
for each z 7^ y G Uj, since ipj(z) 7^ ipj(y). If z G Uj and y G M \Uj, then 
there exists / 7^ j such that y G Ui\Uj, ipj(z) 7^ V'j(y) = x j- 

Let M <— > H w be the quaternion holomorphic embedding as above. There 
is also the quaternion holomorphic embedding of M into (5' 4m ) n as it is 
shown above, where (S Am ) n is the quaternion manifold as the product of 
quaternion manifolds. Consider the bundle of all H straight lines Ha; in 
H^, where x G H^. They compose the projective space H?^" 1 . Fix the 
standard orthonormal base {ei, ...,ejv} in H N and projections on H-linear 
subspaces relative to this base P L (x) := J2 ej eL x j e j f° r the H-linear span 
L = spanu{ei : i G A^}, Al C {1, N}, where x = J2f=iXjej, Xj G H for 
each j, Cj = (0, 0, 1, 0, 0) with 1 at j-th place. In this base consider the 
H-Hermitian scalar product < x, y >:= J2jLiXjy*. Let / G HP* -1 , take a 
H-hyperplane denoted by H^ -1 and given by the condition: < x, [I] >= 
for each x G H^ -1 , where 7^ [/] G H* characterises I. Take ||[/]|| = 
1. Then the orthonormal base {qi, qN-i} in H^" 1 and together with 
[I] =: q jv composes the orthonormal base <Zjv} in H*. This provides 

the quaternion holomorphic projection 717 : H w — >■ Hf' -1 relative to the 
orthonormal base {qi, q^}- The operator 7T; is H left and also right linear 
(but certainly nonlinear relative to H), hence n\ is quaternion holomorphic. 

To construct an immersion it is sufficient, that each projection 717 : T X M — * 
Hf" 1 has ker[d(iTi(x))} = {0} for each x G M. The set of all x G M for 
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which ker[d(TTi(x))] 7^ {0} is called the set of forbidden directions of the first 
kind. Forbidden are those and only those directions / G HP W_1 for which 
there exists x G M such that V C T X M, where V = [I] + z, z G H^. The 
set of all forbidden directions of the first kind forms the quaternion manifold 
Q of quaternion dimension (2m — 1) with points (x,l), x G M, I G HP* -1 , 
[I] G T X M. Take g : Q — > HP^" 1 given by /) := /. Then (7 is quaternion 
holomorphic. 

In each quaternion paracompact manifold A modelled on H p there exists 
an H-Hermitian metric (see Proposition 2.1.3.4), hence it can be supplied 
with the Riemann manifold structure also. Therefore, on A there exists a 
Riemann volume element. In view of the Morse theorem fi{g{Q)) = 0, if 
N — 1 > 2m — 1, that is, 2m < N, where /i is the Riemann volume element 
in HP^ -1 . In particular, g(Q) is not contained in HP^^ 1 and there exists 
^0 ^ g(Q), consequently, there exists tt 1q : M — > H* -1 . This procedure can 
be prolonged, when 2m < N — k, where k is the number of the step of 
projection. Hence M can be immersed into H 2m . 

Consider now the forbidden directions of the second type: / G HP* -1 , 
for which there exist x 7^ y G M simultaneously belonging to I after suitable 
parrallel translation [I] 1— > [I] + z, z G H^. The set of the forbidden directions 
of the second type forms the manifold $ := M 2 \ A, where A := {(x,x) : 
x G M}. Consider ip : $ — > HP* -1 , where ip(x,y) is the straight H-line 
with the direction vector [x, y] in the orthonormal base. Then /x(-?/'( ( I>)) = in 
HP*" 1 , if2m+l < N. Then the closure c/(^($)) coinsides with i(;(&)Ug(Q) 
in HP* -1 . Hence there exists l £ cl(ip($)). Then consider n lo : M — > H* _1 . 
This procedure can be prolonged, when 2m+l < N—k, where is the number 
of the step of projection. Hence M can be embedded into H 2m+1 . 

2.1.3.7. Theorem. Let M be a quaternion locally compact manifold 
with and atlas At(M) = {(Uj, <f)j) : j} such that transition mappings <pj o (p^ 1 
of charts with UjCiUk 7^ are either right or left superlinearly superdifferen- 
tiable. Then M is orientable. 

Proof. Since M is locally compact, then M is finite dimensional over 
H such that dimnX = m < 00, where X — T X M for x G M. Consider 
open subsets U and V in X and a function : U — > V which is right 
superdifferentiable. Write in the form = ( i0, m <f>), where v (f> G H 
for each i> = 1, ...,m. Then „0 = „a + v f3j, where v a and „/5 G C, i, j, fc 
are generators of H such that i 2 = j 2 = k 2 = —1, ij = —ji = k, we write 
also v z — v x+ v yj with v x and v y G C, where z G H m . From Proposition 
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2.2 [47] it follows, that there exist right superlinear da/db with da/db = 
for each a G { v a, v f3 : v — 1, m} and each ft G { v x, v y : v — 1, m} for 
each z e U, where {d<p/d v x).h = (d(f)/d v z).h for each /i G C, (d(f)/d v y).h = 
(d(p/d v z).hj for each /i G C. 

Consider a right superlinear operator A on X, then A(h) = X)f =0 A(i[)hi, 
where /i; G R m , «o := 1) *i := ^2 : = j, *3 := k, h = h + i\h x + i 2 /i 2 + ^3^3, 
h e X = H m . From §3.28 [47] it follows, that A(h) = A(l)(h - i x hi x - 
i 2 hi 2 - i 3 hi 3 )/A + A(i{)(h - i\hi\ + i 2 hi 2 + i 3 hi 3 )/A +A(i 2 )(h + %\h%\ - i 2 hi 2 + 
i 3 hi 3 ) / 4+ A(i 3 )(h+iihii+i 2 hi 2 — i 3 hi 3 ) / 4 for e&ch. h G X. There are identities 
iihii = —h, i 2 hi 2 = —h and i 3 hi 3 = —h for each h G C m , consequently, 
A(h) = (A(l) + A(i l ))h/2 + (A(l) - A(i 1 ))h/2 for each h G C m and in view 
of right superlinearity A(l) = A(ii), hence 

(i) = for each h G C m := R m © R m ii._ 

Then A(/ii 2 ) = (i4(i 2 ) + A(i 3 ))hi 2 /2 + (A(i 2 ) - A(i 3 ))/w 2 /2 for each /ieC m 
and in view of right superlinearity of A we get A(i 2 ) = A{i 3 ). Restriction on 
C m i3 of operator A shows, that A(l) = A(i 3 ), consequently, 

(ii) A(hi 2 ) = A(l)hi 2 for each h G C m . 

Since (da/db). h is complex valued for each h G C, for each a G { „a, v j3 : 
v = l,...,m} and each b G { v x, v y : v = l,...,m} for each z G U, then 
Formulas imply that (da/db). h is complex linear in h. 

Consider now real local coordinates in M: { v j(f) : v = l,...,m;l = 
0,1,2,3} such that v (f> = J2f=o v,i<j>ki then the determinant of change of 
local coordinates between charts is positive: det({d v $/d w ,pz} v ,i;w,p) = 
\det({d v j7)/d w ,p£} v ,i ;w ,p)\ 2 , where ^0 G R for each v = l,...,m and / = 
0,1,2,3; ^77+ v ,ir]i 2 = v <j> and „ >0 f + v ,i& 2 = v z and W) jf, v ^r] G C for 
each v = 1, m and each / = 0, 1. 

2.1.3.8. Remark. Theorem 2.1.3.6 is the quaternion analog of the Wit- 
ney theorem. For the proof of it was important that superdifferentials of 
quaternion holomorphic functions may be nonlinear by H. Without condi- 
tion of right or left superlinearity of superdifferentials of transition mappings 
Theorem 2.1.3.7 is untrue, since there are square 4m x 4m-matrices A with 
entries in R such that det(A) < to which correspond R-homogeneous H- 
additive operators. Certainly Riemannian manifold need not be a quaternion 
manifold even if its real dimension is 4m for m G N, since transition map- 
pings (piO^f 1 need not be quaternion holomorphic for charts with C/jflC/j 7^ 0. 

2.1.3.9. Theorem. Let M be a quaternion manifold, then there ex- 
ists an open neighborhood TM of M in TM and an exponential quaternion 
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holomorphic mapping exp : TM — > M ofTM on M. 

Proof. It was shown in §§2.1.3.4 and 2.1.3.7 each quaternion manifold 
has also the structure of the Riemann manifold. Therefore, the geodesic 
equation 

(i) VcC = with initial conditions c(0) = x , c(0) = y , x G M, 

y e T X0 M 

has a unique C°°-solution, c : (— e, e) — > M for some e > 0. For a chart 
(Uj,(j>j) containing x, put ipj(/3) = 4>j ° C (P), where (5 G (— e, e). Consider an 
H-Hermitian metric g in M, then g is quaternion holomorphic in local quater- 
nion coordinates in M (see §2.1.3.4), dg(z)/dz = 0, where g(z)(*,*) =< 
*, * > 2 is the H-Hermitian inner product in T Z M, z G M, where G X 

is denoted for convenience also by z. Consider real-valued inner product 
induced by g of the form G(z)(x,y) := (g(z)(x,y) - Ef=iUg(z)(x,y)ii)/A. 
Then G(z) is also quaternion holomorphic: dG(z)(x, y)/dz — for each x, y. 
In real local coordinates G can be written as: G(z)(r),£) = J2i p G l ' p (z)r)i^ p , 
where x = ( ix, m x), „z = E?=4„- 3 Vik-iv+z and „y = Ef=4„- 3 Zik-tv+z 
for each t> = 1, ...,m. Then the Christoffel symbols are given by the equa- 
tion Y a bfi = (J2t=i G a > l {d b G c i + d c G ljb - $G 6 , c )/2 for each a, 6, c = 1, .., 4m. 
Using expression of the Christoffel symbol T through g, we get that T(z) is 
quaternion holomorphic: 

(ii) dTl c (z) / dz = for each a,b,c = 1, 4m. 

Thus differential operator corresponding to the geodesic equation has quater- 
nion holomorphic form: 

(in) d 2 c{t)/dt 2 + Y(c{t))(c'{t),c'{t)) = 0. Therefore, the mapping fV x x 
(— e, e) 3 (z ,y ;/3) \— > ipj((3;x ,y ) is quaternion holomorphic by (x ,y Q ), 
since components of yo can be expressed through R-linear combinations of 
{kyok ■ I = 0, 1,2,3}, where < e, z = 0j(^o) e Vi C V 2 C <f>j(Uj), V x and 
V2 are open, e and TVi are sufficiently small, that to satisfy the inclusion 
i/jj(P;x 0: yo) G V 2 for each (z ,y ;(3) G TVi x (-e,e). 

Then there exists 5 > such that c a s(t) = cs(at) for each a G (— e, e) 
with |a5 , (^(g , ))| < 5 since dcs(at)/dt = a(dcs(z) / dz)\ z=at . The projection 
t := tm : TM — > M is given by tm{s) = x for each vector s G T X M, tm is 
the tangent bundle. For each x G M there exists a chart ([/,-, 0-,) and open 
neighbourhoods V 1 and V 2 , 4>j(x ) G Vi C V 2 C 4>j{Uj) and 5 > such that 
from 5 G TM with TmS = g G ^(Vi) and ^(^(g))! < 5 it follows, that the 
geodesic c$ with 05(0) = S is defined for each t G (— e, e) and cs(t) G ^J 1 ^). 
Due to paracompactness of TM and M this covering can be chosen locally 
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finite [18]. 

This means that there exists an open neighbourhood TM of M in TM 
such that a geodesic c s (t) is defined for each S G TM and each t G (— e, e). 
Therefore, define the exponential mapping exp : TM — > M by 5 i— > cs(l), 
denote by exp x := exp |f MnT M a restriction to a fibre. Then exp has a local 
representation (xo,yo) G TVi h- > tpj(l;x ,y ) G V 2 C (j>j(Uj). From Equations 
(i — %%%) it follows that exp is quaternion holomorphic from TM onto M. 

2.1.3.10. A uniform space of piecewise holomorphic mappings. 
For manifolds M and N with corners both either complex or quaternion 
let either 0x(M,N) or H T (M, N) denotes a space of continuous mappings 
/ : M — > N such that for each / there exists a partition Zf of M via a real 
C°°-sub manifold M'f, which may be with corners, such that its codimension 
over R in M is codim-^M' f = 1 and M \ M'f is a disjoint union of open 
either complex submanifolds or quaternion submanifolds Mjj respectively 
possibly with corners with j = 1,2, ... such that each restriction f\M jf is ei- 
ther complex holomorphic or quaternion holomorphic correspondingly with 
all its derivatives bounded on Mjj. For a given partition Z (instead of Zf) 
and the corresponding M' the latter subspace of continuous piecewise either 
complex or quaternion holomorphic mappings / : M — > iV is denoted ei- 
ther by 0(M, N; Z) or H(M, N; Z) respectively. The family {Z} of all such 
partitions is denoted T. That is Oy(M, N) = str — indrO(M, N; Z) and 
H T (M, N) = str - ind T H(M, N; Z). Let also 0(M, N) and H(M, N) denote 
the uniform spaces of all either complex holomorphic or quaternion holo- 
morphic respectively mappings f : M N, Diff°°(M) denotes a group 
of C°°-diffeomorphisms of M and Diff$(M) := Hom(M) n T (M,M), 
Diff^(M) := Hom(M)nH r (M, M), where Hom(M) is a group of all home- 
omorphisms of M. 

Let A and B be two manifolds either both either real or complex or quater- 
nion with corners such that B is a submanifold of A. Then B we call a strong 
C r ([0, l]xA, A)-retract (or C r ([0, 1], T (A A))-retract or C r ([0, 1], H T (A, A))- 
retract respectively) of A if there exists a mapping F : [0, 1] x A — > A such 
that F(0,z) = z for each z G A and ^(1,^1) = B and F(x, A) D B for 
each x G [0,1] := {y : < y < 1, y G R}, F(x,z) = z for each z E B 
and x G [0,1], where F G C r ([0,l] xi,A)orf6 C r ([0, 1], O r (A, A)) 
or F E C r ([0, l],Hy(A,A)) respectively, r G [0,oo), F = F(x,z), x G [0,1], 
z e A. Such F is called the retraction. In the case of B = {a }, a G A we say 
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that A is C r ([0, 1] x A, A)-contractible (or C r ([0, 1], Or (A, A))-contractible 
or C r ([0, 1], Hy(A A))-contractible correspondingly). Two maps / : A — > i£ 
and /i : A -> £ we call C r ([0, 1] x A, £)-homotopic (or C r ([0, 1], r (A, E))- 
homotopic or C r ([0, 1], H X (A, E))-homotopic) if there exists F G C r ([0, 1] x 
A,E) (or F G C r ([0,l],O T (A,£)) or F G C r ([0, 1], H T (A, E)) respectively) 
such that F(0, z) = f(z) and F(l,z) = h(z) for each z G A, where E is 
also either a real or complex or quaternion manifold. Such F is called the 
homotopy. 

Let M be either a real or complex manifold or a quaternion manifold with 
corners satisfying the following conditions: 

(i) it is compact; 

(ii) M is a union of two closed submanifolds both either real or complex 
or quaternion A 1 and A 2 with corners, which are canonical closed subsets in 
M with Ai fl A 2 = dA 1 fl <9A 2 =: A 3 and a codimension over R of A 3 in M 
is codim R A 3 = 1; 

(m) a marked point So is i n ^3? 

(iu) At and A 2 are either C°([0, 1] xA, A)-contractible or C°([0, 1], T (A j , 
contractible or C°([0, 1], H T (Aj, Aj))-contractible respectively into a marked 
point so G A 3 by mappings z), where either j — 1 or j — 2. In the com- 
plex and quaternion cases more general condition of C ([0, 1], Oy(Aj, Aj))- 
contractibility or C°([0, 1], H-f (Aj, Aj))-contractibility of Aj on X fl can 
be considered, where X is a closed subset in M, j = 1 or j = 2, so G X , 
dimXo < dimuM, dimX is a covering dimension of X (see its defintion in 
[18]). 

We consider all finite partitions Z := {M& : k G S^} of M such that Mj. 
are submanifolds either all complex or quaternion respectively (of M), which 
may be with corners and [j s k=1 Mk = M, Ez = {1,2, ...,s}, s G N depends 
on Z, M k is a canonical closed subset of M for each k. We denote by 
diam(Z) := sup k (diam(M k )) a diameter of a partition Z, where diam(A) = 
sup gA \x — y\x is a diameter of a subset A in a normed space X, since 
each finite dimensional manifold M can be embedded into C n or in H n 
with a corresponding n G N. We suppose also that Mj fl Mj C M' and 
9Mj C M' for each i ^ j, where M' is a closed C°°-submanifold (which may 
be with corners) in M with the codimension codimn(M') = 1 of M' in M, 
M' = Uj G r z M 'i are C°°-submanifolds of M, T z is a finite subset of N. 

We denote by H l (M, N; Z) a space of continuous functions / : M — > iV 
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such that f\(M\M') £ H t (M\M\N) and /|[/ n t(M l )u(M i nM' j )] G H\Int(Mi) U 
(M n M'j), iV), when <9M n M'j ^ 0, /if, : #*(M, iV; Z) -> #*(M, A 7 "; Z') is 
an embedding for each Z < Z' in T. 

An ordering Z < Z' means by our definition, that each submanifold Mf 
from a partition Z 1 either belongs to the family (Mj : j — 1, k) = {Mf '■ 
j — 1, k) for Z or there exists j such that Mf' C Mf and Mf is a finite 
union of Mf for which Mf' C Mf. Moreover, Mf is a submanifold (may 
be with corners) in Mf for each I and a corresponding j. 

Then we consider the following uniform space i?*(M, A/") that is the strict 
inductive limit str — ind{H t {M, N; Z); h%\ T} (the index p reminds about 
the procedure of partitions), where T is the directed family of all such Z, for 
which limx diam(Z) = 0. 

2.1.4. Notes and definitions of loop monoids. Let now s be a 
marked point in M such that So £ ^3 (see §2.1.3.10) and yo be a marked 
point in a manifold N. 

(i). Suppose that M and N are connected. 

Let #*(M,s ; N,y ) : = {/ G if*(M, jV)|/(s ) = y } denotes the closed 
subspace of if*(M, N) and cj be its element such that uj${M) = {yo}, 
where oo > t > m + 1, 2m = dim-R,M such that H l C C° due to the 
Sobolev embedding theorem. The following uniform subspace {/ : / G 
H£°{M, so; AT, yo), <9/ — 0} is uniformly isomorphic with Or(M, s ; A/", yo) 
for complex manifolds, while the uniform subspace {/ : / G H°°(M, sq; N, yo), 
(9/ = 0} is uniformly isomorphic with Hx(M, So; A^, y ) for quaternion man- 
ifolds M and A/", since /| (m \m') G #°°(M \ M', jV) = C°°(M \ M',N) and 
9/ = or df = respectively. 

Let as usually A V B := A x {6 } U {a } x B c A x B be the wedge sum 
of pointed spaces {A, a ) and (B,b ), where A and -B are topological spaces 
with marked points ao € A and b$ E B. Then the wedge combination y V / 
of two elements /, g G if*(M, so; A/", yo) is defined on the domain M V M. 

The uniform spaces T ( J, A 3 ; AT, y ) := {/ G T (J,iV) : f(A 3 ) = {y }} 
have the manifold structure and have embeddings into Or(M, s ; AT, y ) for 
complex manifolds, while the uniform spaces H-f ( J, A 3 ; A/", yo) : = {/ £ Hy( J, AT) : 
/(A 3 ) = {yo}} have the manifold structure and have embeddings into Hx(M, s ; A/", 
due to Condition 2.1.3.10(m) for quaternion manifolds M and N, where 
either J = A 1 or J = A 2 . This induces the following embedding x* '■ 
Ot(M V M, s x s ;N,y ) <^-> Ot(M, s ; A 7 ", y ) for complex manifolds, also 
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X* '■ Hx(M V M, so x sq; N,yo) H-f (M, sq; N, yo) for quaternion manifolds 
M and iV. Considering i^(M,X ; 7V,y ) = {/ e H\M, N) : /(X ) = {y }} 
and T (J,A 3 U X ;N,y ) we get the embedding x* ■ T (M V M,X x 
X ;N,y ) ^ O r (M,X ;N,y ) for complex manifolds, also x* ■ H T (M V 
M, Xq x X ; iV, yo) c— * H-f(M, X ; AT, ?/ ) for quaternion manifolds M and N. 
Therefore g o f : = x*(f V fl 1 ) is the composition in 0-f(M, s ; N,y ), also in 
H T (M, s ;N,y ). 

The space C°°(M, AT) is dense in C°(M, N) and there is the inclusion 
T (M, N) C H™(M, N) for complex manifolds, also H T (M, N) C if£°(M, A/") 
for quaternion manifolds. Let Mr be a Riemannian manifold generated by 
a manifold M considered over R. Then Di/ /"(Mr) is a group of C 00 - 
diffeomorphisms 77 of Mr preserving the marked point So, that is ?y(so) = 
s . There exists the following equivalence relation R in r (M, s ; N,y ): 
fRoh (also i?H in H T (M, s ; A/", y ) : fRnh) if and only if there exist nets 

e Diff™(M R ), also / n and h n G if~(M, s ; AT, j/ ) with lim n f n = f and 
lim n /i n = h such that / n (x) = h n (i] n (x)) for each x G M and n E uj, where 
uj is a directed set, f,h & Oy(M, so; N,y ) (or f,h <E \-\y(M, so] N,y ) re- 
spectively) and converegence is considered in H™(M, s ; N,y ). In general, 
considering Diff%(M n ) := {/ G Diff°°(M R ) : /(X ) = X } and elements 
/, /i in Ox(M, Xo; A/", ?/o) an d a convergence in H°°(M, Xq] N, yo) we get the 
equivalence relation Ro in Ox(M, Xq; N, yo) for complex manifolds, also with 
/, h in Hr(M, X ; N,y ) and a convergence in H°°(M, X ; N,y ) this leads 
to the equivalence relation R H in H T (M, X ; N,y ). 

The quotient uniform space T (M, X ; N, yo)/Ro ='■ (S M N) for com- 
plex manifolds also Hx(M, X ; A/", yoj/Rn ='■ {S m N)h for complex manifolds 
we call the loop monoid. For the spaces H*(M , so; N , yo) the corresponding 
equivalence relations are denoted Rt,H, for them the loop monoids are de- 
noted by (S R N) t: H- When real manifolds are considered we omit the index 
R. 

2.1.4.1. Theorem. The uniform spaces (S M N) ttH for real manifolds, 
(S m N)q for complex manifolds, (S m N)h for quaternion manifolds M and N 
have sructures of complete topological Abelian monoids with a unit and with 
a cancellation property, where t > m + 5, m := dim R M . It is nondiscrete for 
dim^N > 1. From these monoids it is possible to construct uniform spaces 
(L m N) t>H , (L M N)q and (L M N) H respectively which have structures of the 
complete separable Abelian topological groups, where t > m + 5. 

Proof. Consider the case of quaternion manifolds M and N. In view 
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of the results from [57] Hom(M) n H l (M,M) is the topological group of 
diffeomorphisms for t > m + 5, where Hom(M) is the group of homeo- 
morphisms of M. Then C*(M,R) C #*+["V2]+i( M) R) for each m G N 
and t > due to the Sobolev embedding theorem [51]. Hence for each 
/ G Hp(M, So, N,y ) the range f(M) is compact and connected in N. In 
view of [66, 72, 73] each / G H t (Mk, N) has an extension of the same 
class of smoothness onto an open neighbourhood U of in M. There- 
fore, in view of Lemmas 6.8 and 6.9 [71] for each partition Z there exists 
5 > such that for each partition Z" with sup^ inf dist(Mi, M" j) < S and 
/ G H\M,N;Z), f(s ) = y , there exists h G if*(M, TV; Z"), ^(so) = J/o, 
such that fRt,Hfi, hence we can choose /i with fRnfi for df = and <9/i = 
on corresponding quaternion submanifolds of M prescribed by the parti- 
tions Z and Z", where dist(A,B) = max(sup a€j4 D(a, B); sup 6eB D(b, A)), 
D(a, B) : = inf b6B d(a, b), A and B are subspaces of the metric space M with 
the metric d(a,b) — \a — b\u2m+i (see Theorem 2.1.3.6). 

Hence there exists a countable subfamily {Zj : j G N} in T such that 
Zj C Zj + \ for each j and linx,- diamZj = 0. Then 

(i) str - ind{H(M,s ;N,y ;Z j );hf.;'N}/RH = (S M N) H is separable, 
since each space H(M, s ; iV, y ; Zj) is separable. The continuity of the com- 
position and the inversion follows from notes in §1.4. The space str — 
ind{H(M, sq; N, y ; Zj); /ifj; N} is complete due to theorem 12.1.4 [59], each 
class of i?H-equivalent elements is closed in it, where H(M, so; N,y ; Z) : = 
H T (M, s ; N, y ) n H\M, N; Z). Then to each Cauchy sequence in (S M N) H 
there corresponds a Cauchy sequence in str— ind{H(M x [0, 1], So x O; N, y ; ZjX 
Yj); /ifjxy,; N} due to theorems about extensions of functions, where Yj are 
partitions of [0, 1] with linx,- diamiYj) = 0, Zj x Yj are the corresponding 
partitions of M x [0, 1]. Hence (S m N)h is complete. 

In view of Lemma 2.27 [71] it can be shown that there exists a C°°([0, 1], H)- 
homotopy h : (Mi V M 2 ) x [0, 1] -> M 2 V M l5 where M = Mj for j = 1 or 
j = 2. Therefore, (g o f)(h(s, z)) = (go f)(s) for z = and (g o f)(h(s, z)) = 
f o gr(s) for z = 1 for each s G M, consequently, (/ o g)R H (g o /) for each 
f,ge H T (M, s ; TV, y ) , since M 2 VM X \ {s ,i x s , 2 } and M 1 V M 2 \ {s 0)2 x s ,i} 
are C°°-diffeomorphic. Hence (S m N)h is Abelian. 

For a commutative monoid (S' M iV)H with a unit and with the cancellation 
property there exists a commutative group (L M N) H . Algebraically this group 
is the quotient group F/B, where F is a free Abelian group generated by 
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(S m N)h and B is a subgroup of F generated by elements [/ + <?] — [/] — [<?], 
/ and g G (S^AQh, [/] denotes an element of F corresponding to /. The 
natural mapping 7 : (S M N) H — > (L M N) H is injective. We supply F with a 
topology inherited from the Tychonoff product topology of (S M N)f\, where 
each element z of F is z = J2f n f,z[f], n f,z £ Z for each / G (S' M iV)H, 
X)/ l n /,z| < 00 ■ m particular [n/] — n[/] G B, hence (L M iV)n is the complete 
topological group and 7 is the topological embedding such that j(f + g) — 
7 (/) + 7 (<?) for each f,g G (5 M iV) H , 7(e) = e, since (z + 5) G i(S M N) H , 
when n/ jZ > for each /, so in general z = z + — z~ , where (z + + B) and 
(z~ + B) G r )(S M N)u. Cases of complex and real manifolds are proved 
analogously. 

2.1.5.1. Notes and Definitions. In view of §1.5 [35] a complex mani- 
fold Mora quaternion manifold (see also §2.1.3.4) considered over R admits 
a (positive definite) Riemannian metric g, since M is paracompact (see §§1.3 
and 1.5 [35]). Due to Theorem IV. 2. 2 [35] there exists the Levi-Civita connec- 
tion (with vanishing torsion) of Mr. Each complex manifold and each quater- 
nion manifold with right (or left) superlinearly superdifferentiable transition 
mappings of charts is orientable (see Theorem 2.1.3.7). For the orientable 
manifold M we suppose that v is a measure on M corresponding to the Rie- 
mannian volume element w (m-form) v(dx) = w(dx)/w(M). The Rieman- 
nian volume element w is non-degenerate and non-negative, since M is ori- 
entable. For a nonorientable M consider its double covering orientable mani- 
fold M and the quotient mapping 9 M : M — > M, then the Riemannian volume 
element wonM produces the following measure v(S) := w{9^ (S)) / \2w(M)) 
for each Borel subset S in M. 

The Christoffel symbols ■ of the Levi-Civita derivation (see §1.8.12 
[34]) are of class C°° for M. Then the equivalent uniformity in H l (M,N) 
for < t < 00 is given by the following base {(f,g) G (if*(M, TV)) 2 : 
||(^. of-^o g)\\\ W) < e, where D a = /d(x 1 ) a \..d{?* m )< Jm , e > 0, 

|| (^ of -^cg) T 2 HW) := £ W <« Sm \D a (^ ° f(x) - ^ o g(x))Mdx)}, 
j G An, X is the Hilbert space over C either C n or /2(C), or over H either 
H n or /2(H) respectively, x are local normal coordinates in Mr, k = 2 or 
k = 4 respectively. We consider submanifolds M i)k and M'j^ for each parti- 
tion Z k as in §2.1.3.10 (with Z k instead of Z), % G E Zk , j G T Zk , where E Zk 
and T Zk are finite subsets of N. We supply iJ 7 (M, X; Z k ) with the following 
metric 
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PkM := [Eiez lly|M iifc ||" 2 7> .J 1/2 for y G ^(M,X; Z fc ) 
and Pk,y(y) = +00 in the contrary case, where E = Ez k , 00 > t > 7 e N, 
7 > m + 1, ||2/|iMi,J" 7)i)Jfc is given analogously to |M|" H7 (Jif,.x-)» but with J M . fc 
instead of J M , where m := dim-^M. 

Let Z 7 (M, X) be the completion of str-ind{H^{M, X; Zj)\ h%.;N} =: Q 
relative to the following norm ||y||' 7 := inffcPfc j7 (y), as usually Z°°(M, X) = 
n 7eN ^ 7 (M,X). Let 

F°°(M,X) :={/:/ e_Z°°(M,X), dfj\ M . k = for each k 
for M and X over C, or df^Mj k = for M and AT over H}, 
where / G Z°°(M,X) imples / = Ej fj with G H°°(M, X; Zj) for each 
JEN. 

For a domain in C n or in H n , which is a complex or quaternion 
respectively manifold with corners, let Y r ' a (W, X) (and Z ,a (W, X)) be a 
subspace of those / G F°°(W / ,X) (or / G Z°°(W, X) respectively) for which 

00 

u/ik« : = (E(ii/ir,-) 2 /[0'O ai i a2 ]) 1/2 < 00, 

where (||/||*.) 2 := (||/||'.) 2 - (ll/ll^i) 2 fOT J > 1 and 11/11*0 = U/ll'o> « = 
(ai, 02), on and a 2 G R, a < a' if either ai < a'i or a! = a'i and a-i < 

Using the atlases At(M) and At(N) for M and AT of class of smooth- 
ness Y r ' b H C°° with a > 6 we get the uniform space y T ' a (M, Xo; N, yo) 
(and also Z T ' a (M, X ; N, y )) of mappings / : M -> iV with /(X ) = y 
such that ipj o f G F T ' a (M,X) (or ^- o / G Z T - a (M,X) respectively) for 
each j, where E^a^a^ ||/ p j - (wo) P j||yr,» (Wpij)X) < 00 for each / G 
Y r ' a (M, X ; N, y ) is satisfied with w (M) = {yo}, since M is compact. Sub- 
stituting Wq on a fixed mapping 9 : M — > N we get the uniform space 
F T '°' e (M, AT). To each equivalence class either {g : gRof} —:< f >o 
or {g : gRy\f} —'■< f >h there corresponds an equivalence class either 
< / >T, a := cl(< f > r\Y r > a (M,Xo;N,y )) in the complex case or < 
/ >x,a : = cl{< f >h nF T ' a (M, X ; N, y )) in the quaternion case (or < 
/ >x,a := C K< f >oo,h ^Z r ' a (M,X ;N,yo)) in the real case), where the 
closure is taken in F T ' a (M, X ; N, y ) (or Z r ' a (M, X ; N, y ) respectively). 
This generates equivalence relations either Rr, a i n the complex or quaternion 
cases or R^ a in the real case respectively. We use here the same notation 
in the complex and quaternion cases, because it can not cause a confusion, 
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when manifolds are described as either complex or quaternion correspond- 
ingly. We denote the quotient uniform spaces Y r ' a (M, X ; N, yo)/Rr, a and 
Z r > a (M,X ;N,y )/Rl a by (S M N)y, a and (SgN) r , a correspondingly' 

2.1.5.2. Gevrey-Sobolev classes of smoothness of loops. Notes 
and definitions. Let M be an infinite dimensional complex or quaternion 

-manifold with corners modelled on /2(C) or on /2(H) such that 

(i) there is the sequence of the canonically embedded complex or quater- 
nion respectively submanifolds : M rn M m+1 for each m G N and to 
s ,m in M m it corresponds s ,m+i = vZ +1 ( s o,m) in M m+1 , dim c M m = n(m) 
or dimuM m = n{m) G N, < n{m) < n(m + 1) for each m G N, \J m M m is 
dense in M; 

(ii) M and At(M) are foliated, that is, 

(a) Ui o uJ^u^UiDUj) — > ^2 are of the form: o uj 1 ^ 1 : Z G N)) = 
(a ij _ 7 - jm (2 1 , z n ^), 7i,j, m (-2;' : Z > n(m))) for each m, when M is without a 
boundary. If M is with a boundary, <9M 7^ 0, then 

(/?) for each boundary component M of M and C/j fl M 7^ we have 
0j : C/j fl M Q — >■ moreover, <9M m C <9M for each m, where H^q := {z G 

Qj : a; 2 ' -1 > 0} in the complex case or H^q := {z G Qj : rr 4i ~ 3 > 0} in the 
quaternion case, Qj is a quadrant in l 2 such that Int^H^Q 7^ (the interior 
of ifj ; Q in I2), z l = x 2l ~ l + x 2l i in the complex case or z l := Z) s=1 x 4l+s ~ 4 i s -i 
in the quaternion case, x j G R, 2' G C or z l G H respectively (see also 
§2.1.2.4); 

(m) M is embedded into Z 2 as a bounded closed subset; 

(iv) each M m satisfies conditions 2.1.3.10(« — iv) with X 0)m := X fl M m , 
where X Q is a closed subset in M. 

Let be a bounded canonical closed subset in ^(K), K = C or K = H 
with a continuous piecewise C°°-boundary and H m be an increasing sequence 
of finite dimensional subspaces over K, H m C i? m +i and dim-K_H m = n(m) for 
each m G N. Then there are spaces P^ a (W,X) := str - ind m Y r > a (W m , X), 
where W m = W fl H m and X is a separable Hilbert space over K. 

Let Y^(W,X) be the completion of (W,X) relative to the following 
norm 

00 

Wfh ■= [£ H/kJI-V.^^/tKm)!) 1 ^^^)-]] 1 / 2 , 

m=l 

where \\f\w m \\" 2 Y r, a (w m ,X) := \\f\w m \\ 2 Y r,a {Wrn! x) ~ \\f\w m -i\\ 2 yr.«(W m - lt X) for 
each m > 1 and ||/|wiH"y"f.«(Wi,x) := II./ViIIy t .»(Wi,x); c = (ci,c 2 ), Ci and 
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C2 G R, c < d if either c± < d\ or c\ = d\ and C2 < c^; £ = (T, a, c). Let M 
and A" be the Y r ' a ,c -manifolds with a' < a and c' < c. 

If iV is a finite dimensional complex or quaternion Y T,a -manifold, then 
it is also a Y r,a ,c -manifold. There exists a strict inductive limit str — 
tnd m Q m =:Q^ a (N,y ), 

str-tnd m Y T > a {M m , N) =: Q% a (N), where Q m := Y r > a {M m , X , m ; N,y ). 
Then with the help of charts of At(M) and At(N) the space Y^(W,X) in- 
duces the uniformity r in QY ta (N,y ) and the completion of it relative to r 
we denote by Y*(M, X ; N, y ), where £ = (T, a, c) and E p6 a m j 6 a n - 
( w o)p,j||y?(vi/ x) < 00 ^ or eacn / e ^(-^>^o;X, y ) is supposed to be sat- 
isfied with wq(M) = {yo}, since each M m is compact. Substituting w on a 
fixed mapping 9 : M — > A" we get a uniform space y^' 9 (M, AT). Therefore, 
using classes of equivalent elements from Qr a (N,y ) and their closures in 
F ? (M, X ; N, y ) as in §2.1.5.1 we get the corresponding loop monoids which 
are denoted (S M N)^. Substituting spaces Y r ' a over C onto Z r ' a over R 
with the respective modifications we get spaces Z r,a,c (M, N) over R and 
loop monoids (S^N)^ for the multi-index £ = (T, a, c). 

A relation between manifolds with corners and usual manifolds is given 
by the following lemma. 

2.1.6. Lemma. If M is a real or complex or quaternion manifold mod- 
elled on X = K m or X = ^(K), where K is either R or C or H with an atlas 
At(M) = {(Vj, 4>j) '■ j}, then there exists an atlas At'(M) = {(£4, Uk, Qk) '■ k} 
which refines At(M), where (Vj,(f>j) is an usual chart for each j with a dif- 
feomorphism 4>j '■ Vj <A?(K?) suc ^ ^hat <f>j(Vj) is a C°° -domain in K n or 
/ 2 (K) ; (Uk,Uk,Qk) is a chart corresponding to quadrants Qk in K n orl 2 (K). 

Proof. The covering {Vj : j} of M has a refinement {Wi : /} such that 
for each j there exists I = with W\ C Vj so that each (f>j(Wi) is a simply 
connected region in K m or Z 2 (K) which is not the whole space. We choose 
Wi such that 

(i) either W x n dM = or W x D <9M is open in <9M; 

(ii) {7Tfc(z) = z h : z G =: E^k, z G X, nj, : X — > K are canonical 
projections associated with the standard orthonormal base {e^ : j} in X, 

are C°°-regions in K, ^(W,) = n*Li for * = K m , or 7r J (0 j (^)) = 
Y\k£j Ei,k for each finite subset J in N and the corresponding projection 
7Tj : X — > spK{efe : G J}. In the real case £7^ are open intervals in R. 
In the complex case in view of the Riemann Mapping Theorem for each E\^ 
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there exists holomorphic diffeomorphism q\j~ either onto B~ := {z G C : 
\z\ < r} or F r := {z G C : \z\ < r, x 1 > 0}, where z = x 1 + x 2 i, x x ,x 2 G 
R, z G C (see §2.12 in [25]). The latter case appears while treatment of 
7Tfc(0j(Wi n dM)) ^ (see §10.5.2 [65] and §12 [25]). 

In the quaternion case consider H as the linear space C © jC over C, 
where j = %i. Then right superlinear superdifferentiable mapping qijjyz) 
of a quaternion variable z — a + jb, a, b G C, z G H, is characterized by 
the conditions dqi^(a,b)/da = and dqi t k(a,b)/db = while qi^ is written 
in a,b variables (see Formulas 2.1.3.7(i, ii)). Moreover, q\j~ is right linearly 
differentiate by a and b, that is, s/^ andp^ are holomorphic in variables a, 6, 
where qi,k(z) = s/^ + jpi,k- Then each substitution i— > i^g/^ for each i v G 
{1,^1,^2,^3} preserves the property of right superlinear superdifferentiability 
and gives others dependent quaternion Cauchy-Riemann conditions in such 
notation (see also Propositions 2.2 and 3.13 [47]). Applying the Riemann 
mapping theorem to this situation (over C 2 ) we get, that there exists a right 
superlinearly superdifferentiable mapping qi^{z) such that is quaternion 
holomorphically diffeomorphic with B~ := {z G H : \z\ < r} or F r := {z G 
H : \z\ < r, x 1 > 0}, where z = x 1 + x 2 i\ + x 3 i 2 + x^is, a; 1 ,...,^ 4 G R, 
z G H. The latter statement can be proved also analogously to the complex 
case with the help of Theorem 3.15 and Remark 3.16 [47] in the class of 
quaternion right superlinearly superdifferentaible functions. Since this is true 
in the class of right superlinearly superdifferentiable functions, then this is 
true in the more abundant class of superdifferentiable functions (quaternion 
holomorphic). Slightly shrinking covering if necessary we can choose {W[ : 1} 
such that each qi ^ and its derivatives are bounded on E^. In view of Central 
Theorem from §6.3 [25] q^k are boundary preserving maps. In view of Chapter 
13 [53] B~ and F r have finite atlases with charts corresponding to quadrants. 

2.1.6.1. Note. Vice versa there are complex and quaternion manifolds 
with corners, which are not usual complex or quaternion manifolds corre- 
spondingly, for example, canonical closed domains F in C m or in H m with 
piecewise C°°-boundaries, which are not of class C 1 . Since each complex or 
quaternion manifold G has a boundary dG of class C°° by Definition 2.1.2.6. 

2.1.6.2. Lemma. The uniform spaces Or, a ,c{M, N) and Hr, a ,c(M, N) 
from §§2.1.3 and 2.1.5 are infinite dimensional complex and quaternion man- 
ifolds respectively dense in C°(M, N). Moreover, there exist their tangent 
bundlesTO r , a , c (M,N) = T ^ c (M,TN) andTH r ^ c (M, N) = H r , a , c (M,TN). 
If N = K n or N = Z 2 (K), where K = C or H, then O r ^ c (M,N) and 
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Hr,a,c{M, N) are infinite dimensional topological vector spaces over C and H 
respectively. 

Proof. The connecting mappings <pj o tp^ 1 of charts (Uj, 4>j) and (U k , 4> k ) 
with UjClUk 7^ are complex or quaternion holomorphic on the corresponding 
domains <pk{Uj H U k ) for K = C or H respectively. Consider the quaternion 
case. For each submanifold Mj in M we have TH(Mj, N) = H(M J -, TN) 
(see [15] and Proposition 2.1.3.3). For each / e H T (M, N) there exists a 
partition Zf of M such that f\M jf £ H(M,-j,JV) for each submanifold Mjj 
with corners defined by Zf. In accordance with Proposition 2.1.3.3 and 
§2.1.4 (fij 1 o fc induce connecting mappings (0" 1 o of the corresponding 
charts in H T (M,iV) such that o <f) k )*(f(z)) := / o o fc )(z) for 
each z E Uj (1 Uk such that its Frechet derivatives are the following [^(^J 1 o 
<t>k)*(f)/9f]-h = ° &)*(>0 an d [dtfj 1 ° ^{f) / df].h = 0, where h 
are vectors in TfHy(Uj fl U k ,N). Thus transition mappings are quaternion 
holomorphic. Therefore, TH T (M,N) = H T (M, T7V), since H T (M, iV) is the 
quaternion manifold (certainly of class C°°). 

In particular H-f (M, F) is a topological vector space over H for Y = H n 
or Y = /2(H). It remains to prove that the manifold Hr (M,N) is infinite 
dimensional and dense in C°(M, N). This follows from Corollary 3.2.3, Exer. 
1.28 and Conjecture in Exer. 3.2 [26] and [46], since for each quadrant Q 
and a given function s on dQ, which is a restriction q\gQ of a holomorphic 
function q on a neighbourhood of dQ in H m , m = dim-nM, there exists a 
space of functions u : W — > H n such that ii|j„t(Q) and w|vf\q are holomorphic 
and bounded together with each partial derivative, where W is an open 
ball in H n containing Q and such that u + (z) — u~(z) = s(z) for each z G 
dQ. Then using Cauchy integration along C°°-curves we construct a space 
of continuous functions / : W — > H n holomorphic on U and VF \ Q with 
prescribed (df)~(z) — (df) + (z) for each 2 e <9Q and analogously for f £ C l 
with jump conditions for higher order derivatives. In the case of n > 1 
there also can be used holomorphic extension of holomorphic functions from 
proper quaternion submanifolds K of dQ (see Theorems 2(b) and 3(b) in 
[2] and Theorem 4.1.11 [26] and [46], since a space of rational functions 
/ : K — > T y N such that f\x are holomorphic is infinite-dimensional, see also 
Corollaries 3.4 and 3.5 in [28]). Using charts of the atlas of M we get that 
H-f(M, N) is infinite dimensional. 

In view of the Stone- Weierstrass theorem [19] the space H~f(M, Y) is dense 
in C°{M,Y), hence H T (M,iV) is dense in C°(M,N). In the general case 
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Wr,a,c(M, N) we finish the proof using the standard procedure of an increasing 
sequence of C°°-domains W n in a quadrant Q with dimuQ < oo such that 
c/(U„ W n ) = Q. The proof in the complex case is analogous due to Theorem 
VI.9 [9]. 

2.1.7. Theorems. (1). A unform space (S M N)^ is a complete monoid 
and there exists a generated by it topological group (L M N)^ =: G for £ = 
(T, a) or £ = (T, a, c) from §2.1.5 which is complete separable Abelian. 
Moreover, in G there is a dense subgroup (L M N)o for complex manifolds 
or (L m N)h for quaternion manifolds with £ = (T, a); G is non-discrete non- 
locally compact and locally connected for dim-R_N > 1 . 

(2). A uniform space X^(M,N) := T e (L M N)^ is a Hilbert space for 
each 1 < m — dim^M < oo and dim-^N > 1, where K = R or C or H 
respectively. 

(3.) Let N be a Hilbert -manifold over K with a > a' and c > c' 
for £' = (T, a') or £' = (T, a', d) respectively, then there exists a mapping 
E : T(L M N)^ — > (L M N)^ defined by E v (v) = exp v ^ ov v on a neighbourhood 
V v of the zero section in T rj (L M N)^ and it is a C°° -mapping for -manifold 
N by v onto a neighbourhood W v = W e or] of r] G (L M N)^; E is the uniform 
isomorphism of uniform spaces V v and W v , where s G M, e is a unit element 
in G, v G V v , 1 < m < oo. 

(4). For complex or quaternion manifolds a group (L M N)^ is a closed 
proper subgroup in (L^A^ R )^ of infinite codimension ofT e (L M N)^ inT e (L^N R )^. 

Proof. Consider the orientable quaternion manifolds. For £ = (T, a) 
or £ = (T, a, c) classes < / >£ are closed due to Lemma 2.1.6.2 for the 
considered class of smoothness, since the uniform spaces Y^(M, so; N, yo) 
are complete. Via the construction of an Abelian group from an Abelian 
monoid with unit and cancellation property we get the loop groups (L M N)^ 
and (L^N)^ respectively for finite dimensional M, where £ = (T, a) (see 
§2.1.4.1). There exists a strict inductive limit of loop groups (L Mm N)y A =: 
L m , since there are natural embeddings L m > L m+1 , such that each ele- 
ment / G y T ' a (M m ,X , m ; N,y ) is considered in Y T ' a (M m+l , X 0ym+1 ; N,y ) 
as independent from (z™W +1 ) ... ) z"' m " 1 " 1 '" 1 ) in the local normal coordinates 
(z\...,z n(m+1) ) of M m+1 . We denote it str - ind m L m =: (L M N) T , a (see 
§2.1.5.2). Via the construction of an Abelian group from an Abelian monoid 
with unity and cancellation property we get loop groups (L M N)^ for £ = 
(T, a, c) also. The space T e (L Mm N) H is linear over H, where e is the unit 
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element of the groop (L Mm iV)|-|. Then in particular X^(M m , N) is the Banach 
space with \\f\\ X ((M m ,N) = ^ y ef ||j/||' € , where/ =< V>^V^ Y*(M, s ;X,Q). 
On the other hand, X 5 (M m , N) is isomorphic with the completion of T e (L Mm N) H 
bythenorm||/|| x , (MmjJV) . Then (p fc , 7 (y 1 +i/ 2 )) 2 +(p A;i7 ( 2 / 1 -y 2 )) 2 = 2[(p fci7 (y 1 )) 2 + 
(pfc i7 (y 2 )) 2 ] for each y 1 , y 2 G if 7 (M, X; Z k ) due to the choices of v and p ktl . If 
y G if 7 (M, X; Z k ) then Pk,j(y) = Pi,y(y) for each / > fc, since u(M'i) = and 
y G W{M,X-Z{). For each y 1 ,?/ 2 G # 7 P (M, s ; X, 0) there exists Z G T 
such that y 1 ,?/ 2 G H~<(M, X; Z). Therefore, from §2.1.5 it follows that 
IIA + AIP + HA -All 2 

Xt(M,N) Xi(M,N)\ iui 

each A, / 2 G X€(M, iV). Then \\f, + / 2 ||* 2 + ||/i - / 2 ||* 2 = 2[||/ 1 ||* 2 + ||/ 2 ||* 2 ] 
for each < k G Z and each /x and / 2 G Q^aC^O) consequently, ||/i + 
h\\x((M,N) + II A - Allxe ( M,j\o = 2 01 A II x«(M,iv) + HA||^(M,iv)]- Hence the for- 
mula 4(/i,/ 2 ) := ||/x + / 2 || 2 x e ( A W -|l A - / 2 || 2 x C(M,iV) + Ef=i «/|| A + iihf x^m,n)~ 
«/||A - ^A|| 2 x«(m,at)]/ 3 gives the scalar product C/1,/2) inX 5 (M, X) and this 
is the Hilbert space over H, where %i G {i,j, k}, I = 1, 2, 3. 

The spaces Y^(M, s ; N, y ) and X^(M,N) are complete, consequently, 
G is complete. The space X^(M, N) is separable and AjyCN, consequently, 
G is separable. The composition and the inversion in (L Mm N)^ induces 
these operations in G, that are continuous due to Theorem 2.1.4.1 and using 
completions we get, that G is the Abelian topological group. 

Let (3 : M m — >■ N be a Y^-mapping such that P(s ) = y . If C is the 
connected component of yo in N then (3(M m ) C Cq. On the other hand, 
N was supposed to be connected. In view of Theorems about extensions of 
functions of different classes of smoothness [66, 72] and using completions in 
the described above spaces there exists a neighbourhood W of w such that 
for each / : M m x {0, 1} -> N of class Y* with /(M m , 0) = {y } and /(s, 1) = 
/3(s) for each s G M there exists its ^-extension / : M m x [0, 1] — > X, where 
{0, 1} := {0} U {1}, /3 G W, since there exists a neighbourhood Vo of yo i n 
X such that it is C°([0, 1] x Vo, iV)-contractible into a point. Hence for each 
class < (3 >£ in a sufficiently small (open) neighbourhood of e there exists a 
continuous curve h : [0, 1] — > G such that /i(0) = e and /i(l) =< /3 >g. 

In view of Theorem 2.1.4.1 and Lemma 2.1.6.2 the tangent space T e G is 
infinite dimensional over H, consequently, G is not locally compact, where e 
is the unit element in G. 

Let V be a covariant differentiation in N corresponding to the Levi-Civita 
connection in N due to Theorem 5.1 [21]. This is possible, since N is the 
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Hilbert manifold C^-manifold over H and hence over R, consequently, it has 
the partition of unity [38]. Therefore, there exists the exponential mapping 
exp : TN -> N such that for each z E N there are a ball B(T z N,0,r) : = 
{y E T Z N : ||y ||x^iv < r } and a neighbourhood S z of z in TV for which 
exp 2 : B(T z N,0,r) — > is the homeomorphism, since is in the class of 
smoothness due to Theorem IV.2.5 [38], where exp z w = 0(1), <j)(q) is a 
geodesic, : [0, 1] -> iV, d(j)(q)/dq\ q=0 = w, 0(0) = 2, w G B(T z N,0,r) [34]. 
In view of Theorems 5.1 and 5.2 [15] a mapping 

(i) £ : T^(M m ,s ;iV,?/o) — > Y^(M m , s ; N,y ) is a local isomorphism, 
since a > b, so Sfeli /c 2 (fc!) b_a < oo, where 

(ii) E g (h) := exp 9(s) o/i fl , s E M m , h E TF«(M m , s ; iV, j/ ), h g E T g Y^(M m , s ; N, y ), 
g E Y^(M m , so] N, yo). In view of [13, 15] the tangent bundle TY^(M m , sq; N, y ) 

is isomorphic with Y^(M m , s Q ; TN, y x {0}) x T yo N. Then E induces E with 
the help of factorisation by and the subsequent construction of the loop 
group from the loop monoid. This mapping E is of class of smoothness C°° 
as follows from equations for geodesies (see §IV.3 [38]), since TTN is the 
Y?' -manifold with a > a" > and c > c" > 0. Indeed, this construction at 
first may be applied for (L Mm N) H and then using the completion to (L M N)^. 

The uniform space of quaternion holomorphic mappings from M into 
N is proper in the set of infinite Frechet differentiable mappings from M 
into N. In view of §2.1.5 uniformities in groups (L M N)^ and (L^Nn)^ 
are equivalent. Therefore, (L M N)^ has an embedding into (L^N-r)^ as a 
closed proper subgroup of infinite codimension of T e (L M N)^ in T e (L^iV R )£, 
since dim R N > 1. The proofs in the complex and orientable real cases are 
analogous. 

It remains the case of nonorientable real or quaternion manifolds which 
can be deduced also from Theorems 2.1.8 below and the case of orientable 
manifolds. 

2.1.8. Theorems. Suppose that both either real or quaternion mani- 
folds M and N together with their covering manifolds M and N satisfy the 
conditions imposed in §2.1.5. 

(1) . Let N be a nonorientable manifold and let 9n '■ N N be a quotient 
mapping of its double covering manifold N . Then there exists a quotient 
group homomorphism 9 N : (L M N)^ — > (L M N)^. 

(2) . Let M be a nonorientable manifold, then a quotient mapping 6 M : 
M -> M induces a group embedding 9 M ■ (L M N) ( ^ (L M N)^. 
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Proof. If M is a nonorientable manifold, then there exists the homomor- 
phism h of the fundamental group tti(M, so) onto the two-element group Z 2 . 
For connected M the group 7Ti(M, s ) does not depend on a marked point 
So and it is denoted by 7Ti(M). If M is a connected manifold, then it has 
a universal covering manifold M* which is linearly connected and it has a 
fiber bundle with the group tti(M) and a projection p : M* — > M. Using the 
homomorphism h one gets the orientable double covering M of M such that 
M is connected, if M is connected (see Proposition 5.9 [35] and Theorem 78 
[63]). Moreover, for each x G M there exists a neighborhood U of x such 
that 0~^(U) is the disjoint union of two diffeomorphic open subsets V\ and 
V 2 in M, where 9 M : M — * M is the quotient mapping, # : Vi — > V 2 is a 
diffeomorphism. 

(1) . For each / G Z T - a > c (M, iV) there exists / = 9 N o / in Z T ' a ' c (M, iV). 
This induces the quotient mapping 

: Z r ^ c {M,N) -> Z r ' a ' c (M,N), hence 
it induces the quotient mapping ^ : Z T ' a,c (M V M,N) — > Z T - a ' c (M V M, JV) 
such that #at(/ V/i) = On{J) V&N{g)- Considering the equivalence relation in 
y^(M, so; iV, yo) and then loop monoids we get the quotient homomorphism 
(^iV^ -> (5 M A^) C . With the help of construction of the loop group from 
the loop monoid it induces the loop groups quotient homomorphism. 

(2) . On the other hand, let M be a nonorientable manifold then the 
quotient mapping 9m '■ M — > M induces a locally finite open covering {U x : 
x G M } of M, where M is a subset of M, such that each Q M X (U x ) is the 
disjoint union of two open subsets V Xi i and V Xj2 in M and there exists a 
diffeomorphism g x of on Kr,2 of the same class of smoothness as M. This 
produces the closed subspace of all / G Z r ' a ' c (M, N) for which 

W /Ik.i^ 1 ^)) = /I ^,2(2/) for eacl1 2/ G v x,2 and for each x G M , where 
M = Mq 7 and {U x = U£ : x G M } may be dependent on /. If so is a 
marked point in M, then let one of the points s of 9]^(so) be the marked 
point in M. Then 9 m induces the quotient mapping 9 M '■ MV M — > M V M. 
If both M and M satisfy the imposed above conditions on manifolds, then 
this induces the embedding 9 M : Z^ ,a ' c (M, jV) Z T ' a ' c (M, jV). The identity 
mapping id(x) = x for each x G M evidently satisfy Condition (i). If / is 
the diffeomorphism of M satisfying Condition (i), then applying f~ 2 to both 
sides of the equality we see, that it is satisfied for f^ 1 with the same cover- 
ing {U x : Mo}. If / and h are two diffeomorphisms of M, then there exists 
{£/£ :x G M ft } such that {f~ 1 (9 M 1 (U^)) : a; G M fe } is the locally finite cover- 
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ing of M. Two manifolds M and M are metrizable, consequently, paracom- 
pact (see Theorem 5.1.3 [18]). Due to paracompactness of M and M there 
exists a locally finite covering {U^°^ : x G Mq°^} for which Condition (i) is 
satisfied, since {UlC[6 M of-\Bji£(U*)) :xeM$,ze M£} has a locally finite 
refinement. This means, that 9m '■ Diff°°(M^) Dif /°°(Mr) is the group 
embedding. In a complete uniform space (X, U) for its subset Z a uniform 
space (Z, \J Z ) is complete if and only if Z is closed in X relative to the topol- 
ogy induced by U (see Theorem 8.3.6 [18]). Since both groups are complete 
and the uniformity of Dif J 00 (Mr) induces the uniformity in Dif f '°° (Mr) 
equivalent to its own, then 9 'm(Di f f^ '(Mr)) is closed in Dif f '°° (Mr). Con- 
sidering the equivalence relation in Z r ' a ' c (M, N) we get the embedding of 
loop monoids 9 M ■ (S M N) ( ^ (S^N) ( (see §§2.1.4 and 2.1.5). This pro- 
duces via the construction of an Abelian group from an Abelian monoid with 
unity and cancellation property the loop groups embedding (respecting their 
topological group structures) 9m '■ (L M N)^ <^-> (L M N)%. 

2.2. Note. For a diffeomorphism group we also consider a compact com- 
plex manifold M. For noncompact complex M, satisfying conditions of §2.1.1 
and (-/VI) a diffeomorphism group is considered as consisting of diffeomor- 
phisms / of class Y r ' a ' c (see §2.1.5), that is, {f itj -id itj ) G Y r ' a > c (U iJ ,(f> i {U i )) 
for each i,j, Uij is a domain of definition of (f\j — idij) and then analo- 
gously to the real case the diffeomorphism group Diff^(M) is defined, where 
£ = (T,a, c), a = (ai,a 2 ), c = (ci,c 2 ), a\ < —1 and c\ < —1. This means 
that Difft(M) := Y^ id (M,M) n Hom(M). 

2.2.1. Theorem. Let M and N be two complex manifolds, then there ex- 
ist quaternion manifolds P and Q such that M and N have complex holomor- 
phic emebeddings into P and Q respectively as closed submanifolds. More- 
over, (L M N)^ is the proper closed subgroup in (L P Q)^ and Diff^(M) is the 
closed proper subgroup in Diff^(P) such that the codimensions over R of 
T e (L M N)z in T e {L p Q)^ and T e Diff*(M) in T e Diff*(P) are infinite. 

Proof. At first prove that if N is a complex manifold, then there exists 
a quaternion manifold Q and a complex holomorphic embedding 9 : N Q. 
Suppose At(N) = {(V a ,ip a ) : a G A} is any holomorphic atlas of N, where 
V a is open in N, UK = N, ^ : V a - ^a(K) C X = C n or X = Z 2 (C) 
is a homeomorphism for each a, n = dimcM G N or n = 00 respectively, 
{V a : a G A} is a locally finite covering of N, ipb V'a 1 * s a holomorphic 
function on ip a (Va H V5) for each a, 6 G A such that K H H ^ 0- For each 
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complex holomorphic function / on an open subset V in X there exists a 
quaternion holomorphic function F on an open subset U in Y = H n or 
Y = /2(H) respectively such that ni :1 (U) = V and F-i^ve = /|y, where 
7Ti 5 i : Ze © Zi © Zj © ZA; — > Ze © = X is the projection with Z = R n 
or Z = ^(R) correspondingly, i* 1 ^ := o F (see Proposition 3.13 [47] and 
use a locally finite covering of V by balls). Therefore, for each two charts 
(V a , ip a ) and (V&, ipb) with V a) fe := V a fl V b 7^ there exists ?7 a) 6 open in F and 
a quaternion holomorphic function \P bj0 such that *6,aUa(v , 6 )e = VvUa(Va,t>)> 
where := tpbOip- 1 , 7Ti,i(C/ a)b ) = ^(K^)- Consider F := a F a , where F a 
is open in F, 7ri ; i(.F ) = ^ a (V^,) for each a G A. The equivalence relation C in 
the topological space (B a ipa{V a ) generated by functions ipb,a has an extension 
to the equivalence relation Ti in F. Then Q := F/Ti is the desired quaternion 
manifold with At(Q) = {(^ a ,U a ) : a G A} such that ^ b o ty" 1 = ty 6a for 
each [/„ fl [/^ 0, = V'aVw for each ^a 1 ■ F a ^ U a 

is the quaternion homeomorphism. Moreover, each homeomorphism ip a : 
— > ipa{V a ) C X has the quaternion extension up to the homeomorphism 
■ U a -> *a(£4) C F. The family of embeddings ?? a : ^a(K) ^ F a such 
that 7Ti ; i o rj a = id together with At(M) induces the complex holomorphic 
embedding 6 : N <— ► Q. If M is foliated then choose also P foliated such that 
dimcM m = dimnP m = n(m) for each m G N (see §2.1.5). 

In view of Proposition 3.13 [47] there exists an embedding of Y^(M,N) 
into Y^(P, Q) as the closed submanifold such that a codimension over R of 
TfY^(M, N) in T g Y^(P ) Q) is infinite, where g is a quaternion extension of 
g. This is true even in the case when for these manifolds underlying real 
manifolds Mr and Pr, Xr and Qr are C°°-diffeomorphic, since quaternion 
holomorphic functions need not be a right or left superlinearly superdiffer- 
entiable and hence need not in general satisfy complex Cauchy-Riemann 
conditions. Uniformities in Y^(M,N) and in Y^(P,Q) are consistent, hence 
embeddings of corresponding groups of loops and groups of diffeomorphisms 
are closed. 

2.2.2. Remarks and definitions. For investigations of representations 
of diffeomorphism groups with the help of quasi-invariant transition mea- 
sures induced by stochastic processes at first there are given below necessary 
definitions and statements on special kinds of diffeomorphism groups having 
Hilbert manifold structures. 

Let M and N be real manifolds on R n or l 2 and satisfying Conditions 
2.2.(i-vi) [43] or they may be also canonical closed submanifolds of that of 



34 



in [43]. For a field K = R, C or H let l2,s(K) be a Hilbert space of vectors 
x = (x j : x j G K,j G N) such that ||a:||j 2i4 := {E£Li \x j \ 2 j 26 } 1/2 < oo. For 
5 = we omit it as the index. Let also U be an open subset in R m and 
V be an open subset in R n or l 2 over R, where G U and G V with m 
and n G N. By H l ^ e s (U, V) is denoted the following completion relative to the 
metric q l ps(fi9) °f the family of all strongly infinite differentiable functions 
f,g :U with q l p5 {f,6) < oo, where 6 G C°°(U,V), < I G Z, /? G R, 

oo > 5 > 0, ^(Z, </)':= (Eo<H<JI^ < x >*"H ££(/(*) - ^))||| 2 ) 1/2 , 
L 2 := L 2 (U,F) (for F := R n or F = l 2 , 5 = k,s(R)) is the standard Hilbert 
space of all classes of equivalent measurable functions h : U — > F for which 
there exists a finite norm ||/i||x,2 := (f v \h(x)\ 2 7 fx m (dx))) 1 ^ 2 < oo, /x m denotes 
the Lebesgue measure on R m . 

Let also M and N have finite atlases such that M be on X M '■= R m 
and N on X N := R n or I w := l 2 , 6 : M <^-> N be a C°°-mapping, for 
example, embedding. Then H l p 9 s (M,N) denotes the completion of a family 
of all C°°-functions g,f : M — > AT with Kpsifi ®) < °°> where the metric 
is given by the following formula n l ^ 5 {f,g) = (J2i,j[q^ s (fi,j^ 9i,j)?) 1/2 , where 
fij ■= Aofo^J 1 with domains 4>j(Uj) fl 0j(/ _1 (Vi)), At(M) := : 
and At(N) := {(V},^-) : j} are atlases of M and N, U-i is an open subset 
in M for each % and Vj is an open subset in A" for each j, fa : Ui — > X M 
and : — > are homeomorphisms of Ui on fa(Ui) and Vj on V'j('^jf)) 
respectively. Hilbert spaces Hj s (U,F) and H l p (TM) are called weighted 
Sobolev spaces, where H l M (TM) := {/ : M 4 TM : / G H l p S (M,TM), 
it o /(x) = x for each x G M} with 0(x) = (x, 0) G T X M for each x G 
M. From the latter definition it follows, that for such / and g there exists 
lim^oo q l ps(f\u^ 9\u^) = 0) when (U,fa) is a chart Hilbertian at infinity, C/^ 
is an exterior of a ball of radius R in U with center in the fixed point Xo 
relative to the distance function du in M induced by a Riemannian metric 
g (see §2.2(v) [43]). For (3 = or 7 = we omit (3 or 7 respectively in the 
notation Dif Pl {M) := H^(M, M) n Hom(M) and ifj'* . 

The uniform space Di fp (M) has the group structure relative to the com- 
position of diffeomorphisms and is called the diffeomorphism group, where 
Hom(M) is the group of all homeomorphisms of M. 

Each topological^ adjoint space (H l p (TM))' =: Hlp(TM) also is the 
Hilbert space with the standard norm in if' such that ||C||ff' = sup||j|| H=1 |C(/)|- 

2.3. Diffeomorphism groups of Gevrey-Sobolev classes of smooth- 
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ness. Notes and definitions. Let U and V be open subsets in the Eu- 
clidean space R k with k G N or in the standard separable Hilbert space I2 
over R, 9 : U — > V be a C°°-function (infinitely strongly differentiable), 00 > 
5 > be a parameter. There exists the following metric space H^ e s (U, V) 

as the completion of a space of all functions Q :— {/ : / G E^(U, V), 
there exists n G N such that supp(f) C U H H n ,d{iy t { 7 y t s(f,9) < 00} rela- 
tive to the given below metric rf{7},{ 7 },<5 : 

00 

(i) d{i},{ 7 },«(/^) : = sup(E(pU<5(/^)) 2 ) 1/2 < 00 

n=l 

and 

lim^oo d-j7},{ 7 },5(/|t/= , flic/= ) — 0, when [/ is a chart Euclidean or Hilber- 
tian correspondingly at infinity, / as an argument in p\ un ^ is taken with the 
restriction onf/nR", that is, /VnR" :^nR n ^ f(U)c V (see also §§2.1- 
2.5 [43] and [44] about E^), p\^ 5 (f,id) 2 : = ^(^ 5 (/| ([/nRn) , id\ iUnRn) ) 2 - 

K j{n-}),5(f\(unR"-i),id\(unR"-i)) 2 ) for each n > 1 and 

P\,i,s(f^ d ^ := w i( K 7,5(/l(t/nRi),^|(i/nRi)) with ^ and the corresponding 
terms k 1 s from §2.2.2, I = l{n) > n + 5, 7 = 7(71) and Z(n + 1) > l(n) for 
each n, Z(n) > [t] + si£ra{t} + [n/2\ + 3, 7(71) > (3 + sign{t} + [ra/2] + 7/2, 
^n+i > > 1- Moreover, p l jn s(f, id)(x n+1 , x n+2 , ...) > is the metric by 
variables x 1 , ...,x n in if^, S (U H R n , V) for / as a function by (x 1 , x n ) such 
that p 7 „5 depends on parameters (2^ : j > n). The index 9 is omitted when 
= 0. The series in (i) terminates n < k, when k G N. 

Let for M connecting mappings of charts be such that (0j o 0" 1 — idjj) G 
^{7'} x^^'J' ^ or eacn UiClUj 7^ and the Riemannian metric 5 be of class of 
smoothness H^/y x , where subsets Uij are open in R or in l 2 correspondingly 
domains of <f>j o l'(n) > l(n) + 2, 7'(n) > 7(72) for each n, 00 > x > <5> 
submanifolds {M& : = k(n),n G N} are the same as in Lemma 3.2 [43]. 
Let N be some manifold satisfying analogous conditions as M. Then there 
exists the following uniform space H { { ^ 9 Sv (M, N) := {/ G E™' e s (M, N)\(f i:j - 

6ij) G HVh e s (Uij,l2) for each charts {C/j,0j} and {Uj,(f)j} with C/j fl Uj 7^ 
0> X{i},{7},*,»?i/' °) < 00 and lim fl-ooX{«},{7}A»)(/lM-,6 ) |M-) = 0} and there 
exists the corresponding diffeomorphism group Di^ Sr) (M) :={/:/ G 
Hom(M), f" 1 and / G H^f^M, M)} with its topology given by the 
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following left-invariant metric X{i},{-r},s,v(f>9) ■= X{i},{j},s, v (9 1 f,id), 



9i,j(x) G h and UA X ) e C Z 2 , C/ij = Uij(x n+1 ,x n+2 , ...) C / 2 is a 

domain of fij by variables x 1 , ...,x n for chosen variables (x- 7 : j > n) due to 
the given foliations in M, Uij C R n <^-> I2, when (x^ : j > n) are fixed and 
C/jj is a domain in R n by variables (x 1 , x n ), where 00 > 77 > 0. 

In particular, for the finite dimensional manifold M n the group Di^y 5ri (M n ) 
is isomorphic to the diffeomorphism group Dif 1 s (M n ) of the weighted Sobolev 
class of smoothness H l 6 with I — l(n), 7 = t(^), where n = dimn(M n ) < 00. 

If manifolds M and iV are both supplied (or considered with) either 
complex or quaternion structures with corresponding foliations in the in- 
finite dimensional case, then in the definitions of H$ }Ar] (M, N), Dif^M), 

Di^y Sr) (M) impose conditions that these uniform spaces are completions 
relative to their uniformities of complex or quaternion holomorphic map- 
pings respectively, such that their elements / satisfy in the generalized sense 
condition df = in the complex case and df = in the quaternion case. 
This generalized sense of complex or quaternion holomorphicity is induced 
by such conditions in the sense of distributions, since each Sobolev space H 
on finite dimensional manifold M n for functions with values in a K-Hilbert 
space X has the topologically conjugated space H* relative to the complex or 
quaternion Hermitian inner product correspondingly. Elements of the above 
mentioned uniform spaces are therefore generalized functions on the sub- 
spaces of complex or quaternion holomorphic functions in H*. In the case 
of a manifold iV modelled on X over K use an atlas of iV and transition 
mappings of charts in the standard way to get holomorphicity conditions in 
the sense of distributions. 

2.4. Remarks. Let two sequences be given {/} := {l(n) : n G N} C 
Z and {7} := {7(71) : n G N} C R, where manifolds M and {M& : 
k = k(n),n G N} are the same as in §§2.2 and 2.3. Then there ex- 
ists the following space H$f Al) (M, TN). By H { £ } fi S j} {M\T N) it is denoted 
its subspace of all functions / : M — > TN such that 7Tjv(/(x)) = 6{x) 
for each x G M, where 7Tn '■ TN — > iV is the natural projection, that 
is, each such / is a vector field along 0, 9 : M — > N is a fixed C°°- 
mapping. For M = N and = id the metric space H^y e Sr) (M\TM) is 
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denoted by H$ }Ari (TM). Spaces H^(M k \TN) and H$ }Ar) (TM) are 
Banach spaces with the norms ||/|| W , {7 }, 5)7J := X{/},{ 7 },5^(/, /oj denoted by 
the same symbol, where fo(x) = (x, 0) and pr 2 fo(x) = for each x G M. 
This definition can be spread on the case I = l(n) < 0, if take sup|| T || =1 | < 
x (D% nj , [Cij-^LHu^J instead of || < x >^ m)+H D^- 

Zu)(*)\\iWj, mM , where r G Hl l 7 (M k \TN), < x > m = (1 + E™i(^) 2 ) 1/2 , 
Uij, m — Uij im (x m+1 , x m+2 , ...) denotes the domain of the function Qj by 
x 1 ,.-,!™ for chosen (x^ : j > m), \\C\\k{.x) are functions by variables {x l : 
i > k). Further the traditional notation is used: sign(e) = 1 for e > 0, 
si^n(e) = -1 for e < 0, s^n(0) = 0, {t} = t - [t] > 0. 

2.5. Lemma. Let a manifold M and spaces Ep S (TM) and Hf\ $ ^{T M) 
be the same as in $§2.2-24 with l(k) > [i] + [fc/2] + 3 + sign{t}, ^(k) > 
(3 + [k/2] + 7/2 + sign{t}. Then there exist constants C > and C n > 1 

for each n such that ||CIU* ,(tm) < C||Cll{i},{7}Ao f or each C e H {^},s,o(™)' 
moreover, there can be chosenu n > C n , C n+ i > k(n+l)(k(n+l) — l)...(k(n) + 
l)C n for each n such that the following inequality be valid: ||£|| 

< CnU\\ H 'W (TM) for each k = k(n), l'{k) = l{k) - [k/2] - I, i{k) = 

7 (fc) - [fc/2] - 1 /or eacn £ e H l ^ k )(TM k ). 

Proof. In view of theorems from [73] and the inequality / Rm < a; > m m ~ 1 
dx < oo (for < x > m taken in R m with x G R m ) there exists the embedding 
H l $ } {TM n ) C l ^{TM n ) for each n, since 2([n/2] + 1) > n + 1. Moreover, 
due to results of §111.6 [51] there exists a constant C n > for each k = k(n), 
n G N such that ||£||^ w < CJ^^) (TMfc) for each £ G H^ k \{TM k ). 

Then D a f(x 1 , x", ...) - ^/(y 1 , y", ...) = 

oo 
n=0 

for each / G Hf\ 5 (TM) in local coordinates, where f(y 1 ,...,y n ~ 1 ,x n ,...) = 
f(x\x 2 ,...,x n ,...j, ifn = 0; a = {a\...,a m ), m G N, a* G N Q := {0,1,2,...}. 
Therefore, for each x n < w n the following inequlity is satisfied: 
\D a f(y\...,y n -\x n ,x n+1 ,...)-D a f(y\...,y n ,x n+1 ,...)\ hs m a5 < 



id) A 



(j>j(UjnM k )^z: = (y 1 ,...,y n - 1 ,z n ),x n <z n <y n 



\D a df(y\..., y n -\z n ,x n+1 ,...)/dz n \ h6 dz n ] 
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C 1 SUp xe M(\\f\\fTKk(n + 8)) (M , TM , 

J J<t>j{UjnM k{ri+1) )3z-.=(y l ,---,y n - l ,z n ,z n+l )^ n <z n <y n n -,(k(n+8)) [ - M H»+8)\ I M > 

< z >S)dz n dz n+ \n+l)-* < C"||/|| w , {7M o x (n + 1)~ 2 , 
when |a| = a 1 + ... + a m < l(k), k = k(n) > n, m < n, where C 1 = const > 
and C = const > are constants not depending on n and k; x, y and 
(y 1 , .., y n , x n+1 , x n+2 , ...) G <pj{Uj) for each n G N. This is possible due 
to local convexity of the subset <pj{Uj) C h- Therefore, h¥\ SQ (TM) C 
E^ S (TM) and UWe^tm) < C||/|| { , M7}A0 for each / G H^^TM), more- 
over, C = C'J2n=i n ~ 2 < °°> since su P*eAf E^ift-(^) < E^LiSup^^rr) 
for each function # : M -> [0, oo) and lim^^ \\f\ M ^ s (tm) < Cxlim^^ || 

||{0,{7},<5,o — 0- 

The uniform space E^ S (TM) fl ^^(TM) contains the corresponding 
cylindrical functions (, in particular with supp(() C C/j fl M n for some j G N 
and k = fc(ra), n G N. The linear span of the family K over the field R of all 
such functions ( is dense in Ep S (TM) and in SQ (TM) due to the Stone- 
Weierstrass theorem, consequently, H^ S0 (TM) is dense in E^ S (TM), since 
df /dx n+1 = for cylindrical functions / independent from x n+ i for each 
3 > 0. 

2.5.1. Lemma. Let M and N be both either complex or quaternion 
manifolds and Mr and N-r be underlying their Riemann manifolds over 
R. Then H := H^y Sr) (M, N) has a holomorphic embedding into H n : = 

Hffy ^(M R , 7V R ) as the closed uniform subspace and the codimension of H 
in iJ R over R is infinite. 

Proof. Elements of H n are Frechet differentiable, consequently, opera- 
tors / i — y Df are continuous from H n into D(H R ). Since D = d + d in the 
complex case and D = d + d in the quaternion case, then the generalized 
holomorphicity condition df = in the complex case or df = in the quater- 
nion case defines the closed uniform subspace H in H n . This is correct, since 
transition mappings of charts are either complex or quaternion holomorphic 
respectively. The uniform subspace of mappings Df ^ df is infinite di- 
mensional, since subspaces of locally analytic functions having nonvanishing 
series in variables z or z (in local coordinates) are infinite dimensional. Thus 
H has an infinite codimension in if R over R. 

2.6.1. Note. For a diffeomorphism group Z?i//| 7 (M) of a Banach 
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manifold M let M be a dense Hilbert sub manifold in M as in [43, 44]. 

2.6.2. Lemma. Let Di { ^ }Sj] (M) and M be the same as in §2.3 with 
values of parameters C n from Lemma 2.5 for given l{k), j(k) and k = k(n) 
withuJn = l(k(n))\C n , then Di^y s v {M) is the separable metrizable topological 

group dense in Dif ft S (M). 

In the case of a complex or quaternion manifold M the groups Diff^(M), 
Dif^(M) and Di9\ s V (M) (see §§2.1.5, 2.2, 2.3) are the separable metriz- 
able topological groups. They have embeddings as closed subgroups into the 
groups Difft(M R ), Dif^M^) and Di^ } Sv (M R ) respectively of infinite 
codimensions. 

Proof. Consider at first the real case. From the results of the paper [57] it 
follows that the uniform space Dif\ s (Mk) is the topological group for each 
finite dimensional submanifold M k , since l(k) > k + 5 and dim^Mk = k. The 
minimal algebraic group Go := 9 r {Q) generated by the family Q :— {/ : / e 
E$ff(U, V) for all possible pairs of charts U-i and Uj with U = <pi{Ui) and 
V = (f) j (U j ), supp(f) cUnR n , f e Hom(M), dim^M > n G N} is dense in 
Di¥\ s (M) and in Diff^ s (M) due to the Stone- Weierstrass theorem, since 
the union \J k M k is dense in M, where supp(f) := cl{x G M : f(x) ^ x}, 
cl(B) denotes the closure of a subset B in M. Therefore, Di^y Sr) (M) and 
Diffi s (M) are the separable topological spaces. It remains to verify that 

Dif\ Sr) (M) is the topological group. For it can be used Lemma 2.5. For 
a > and k > 1 using integration by parts formula we get the following equal- 
ity JZo(a 2 + x 2 )-^' 2 dx = ((k - l)/(ka 2 )) /^(a 2 + x 2 ) k ' 2 dx, which takes 
into account the weight multipliers. Let /, g G Di^y s^^V) f° r an °P en subset 
v = M u i) c and X{i},{i},sM, id ) < V 2 and X{i},{i},s, v (g, id) < oo, then 

P^nA^ 1 ° f' id ) ^ C l,n,yAptnAf' id ) + ff,n,6 (.9, id ) ) > where < C l,n,j,S < 1 

is a constant dependent on /, n, 7 and independent from / and g. For the 
Bell polynomials Y n there is the following inequality Y n (l,...,l) < n\e n for 
each n and Y n (F/2, ...,F/(n + 1)) < (2n)!e n for F p := F p = (n + p) p : = 
(n + p)...{n + 2)(n + 1) (see Chapter 5 in [64] and Theorem 2.5 in [4]). 
The Bell polynomials are given by the following formula Y n (fgi, ...,fg n ) : = 
J2w(n)( n Uk/(ki\...k n \))(gi/l\) kl ...(g n /n\) kn , where the sum is by all partitions 
7i(n) of the number n, this partition is denoted by l kl 2 k2 ...n kn such that 
ki + 2k 2 + ... +nk n = n and h L is a number of terms equal to i, the total num- 
ber of terms in the partition is equal to k — k(ir) = ki+....+k n , f k := fk in the 
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Blissar calculus notation. For each n G N, I — l(n) and 7 = 7(77) the follow- 
ing inequality is satisfied: p^sif o g, id) < Yi(fg u fg m ), p^^/" 1 , id) < 
(3/2)Y l (Fp 1 /2,...,Fp m /(m + 1)), where f m := f m = ^(/,id) and F fc := 
F fc = (n + fc) fc , (n)j := n(n - l)...(n - j + 1), p k = -f k+1 (3/2) k+1 . Then 
E^°=i(2/(A;(n)))!e i ( fc ( n ))6 4/ W n ))(/(A;(n))!)[(4/(A;(n)))!]" 1 < 00 for each < b < 
00. Hence due the Cauchy-Schwarz-Bunyakovskii inequality and the condi- 
tion C\ > C n for each n we get: fog and f^ 1 G Di^X $ n {M) for each / and 

g G Di^y Srt (M), moreover, the operations of composition an inversion are 
continuous. 

The base of neighborhoods of id in Di^y Sr) (M) is countable, hence this 
group is metrizable, moreover, a metric can be chosen left-invariant due to 
Theorem 8.3 [27]. The case Diff^(M) for a complex or quaternion manifold 
M is analogous to that of considered above. The latter statement follows 
from Lemma 2.5.1. 

2.7. Lemma. Let G' := Dif^^M) be a subgroup ofG := Di\ l ] }Sv (M) 
such that m(n) > n/2, 1" (n) = l(n) +m(n)n, 7" (77) = max(7(n) — 777(77)77, 0) 
for eachn, inf — lim n ^ 00 m(n)/n = c> 1/2, 5" > 5+1/2, 00 > 77" > 77+1/2, 
77 > fsee §£$;. Lei a/so G" := Diff^'(M') be a subgroup of G = Diff^(M) 
with either a\ < a x and c\ < C\ or a\ = a\ and a' 2 < a 2 — 1 and c\ = C\ 
and c'2 < C2 — 1 for the complex or quaternion manifold M (see §§2.1.5 and 
2.2). Then there exists a Hilbert- Schmidt operator of embedding J : Y' Y , 
where Y := T e G and Y' := T e G' are tangent Hilbert spaces over R ; C or H 
respectively. 

Proof. Consider at first the real case. The natural embedding 9 k of 
the Hilbert spaces H$^*f\M k ,R) into H«$$\M kt l 2 , 6+1+e ) is the 
Hilbert-Schmidt operator for each k = k(n), n G N (see their definition for 
general Banach spaces in [62]). For each chart (Uj,(f>j) there are linearly 
independent functions x m ei < x >£ jm\ =: f m ,i,n(x), where {ei : I G N} C l 2 
is the standard orthonormal basis in l 2) x m := x™ 1 ..^™", m\ = mi\...m n \, 
< x > n = (1 + Er=i(^) 2 ) 1/2 > n G N, C(n) = ( G R. The linear span 
over R of the family of all such functions f(x) is dense in Y. Moreover, 
D a f(x) = eiY:( K fj(D p x m /m\) (D a ~^ < x >£), where D a = df...df, d t = 

d/dxi, a = (a\. ..,a n ), (j) = U7=i (£), < a* G Z, lim^gVn! = 

for each 00 > g > 0, X^, n =i S|m.|>m(n),mb^ nnm i---' m n] _< ' 1+2e - ) < 00 for each 
< e < min(c — 1/2, 77" — 77 — 1/2, 5" — 5 — 1/2), where m = (mi, m n ), 
|m| := mi + ... + m n , < mj G Z. Hence due to §§2.3 and 2.4 the embedding 
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J is the Hilbert-Schmidt operator. 

In the complex case and quaternion cases it is possible to use the conver- 
gence of the series 

££i££=i0'!)°' 1 ~ Ol (n!) c ' 1 ~ Cl < oo and E^iE^° = iJ a ' 2 - a2 n c ' 2 - C2 < oo. 

2.8. Theorems. Let diffeomorphism groups G := Di^ Srj (M) and 
G := Difft(M) be the same as in §§2.2, 2.3. Then 

(i)for each H^ V {M,TM) -vector field V its flow rj t 

is a one-parameter subgroup of Di^ Sr] (M), the curve t i— > rj t is of class C 1 , 
the mapping Exp : f e Di^y Sr) (M) Di^y Sr) (M), is continuous and de- 
fined on the neighbourhood T e Di^y s^M) of the zero section inT e Di^ 5r) (M), 

V i-> 771; 

(it) T f Di$ }Av (M), = {Ve H^ n (M, TM)\tt o V = /}; 
(Hi) (V,W)= I g f{x) {V x ,W x )n{dx) 

J M 

is a weak Riemannian structure on a Hilbert manifold Di^y 6r) (M), where \i 
is a measure induced on M by <pj and a Gaussian measure with zero mean 
value on l 2 produced by an injective self-adjoint operator Q : l 2 — > h of trace 
class, < fJ>(M) < 00; 

(iv) the Levi-Civita connection V on M induces the Levi-Civita connection 

V on Di$ }>StV (M); 

(v) E : TDi$y Av (M) - Dif^M) is defined by 

E V (V) = exp v ( x )oV v on a neighbourhood V of the zero section in T v Di^y Sr) (M) 
and is a H$yf ^-mapping by V onto a neighbourhood W n = Wid ° i] of 
i] G DiY\ St) (M); E is the uniform isomorphism of uniform spaces V and W . 
Analogous statements are true for Diff^(M) with the class of smoothness 
Y^ id instead of H$% v . 

Proof. We have that T f H^ d 5 jM,N) = {g e #{^(M,7W) : ir N o 
9 = /}) where '■ TN —> N is the canonical projection. Therefore, the 
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tangent space is given by the formula TH}Jx St] (M, N) = H}~k Sr) (M,TN) = 
U f T f H$ e Sj) {M,N) and the following mapping w exp : T f H$ e Sj) (M,N) -> 
H {i},s,v^ M ' N ^ w ex P (g) = expog gives charts for H^ S r) (M, N), since TN has 
an atlas of class H^^C^X x . Apply Theorem 5 about differential equations 
on Banach manifolds in §4.2 [38] to the case considered here. Then a vector 
field V of class H^ e Sr) on M defines a flow r] t of such class, that is dr] t /dt = 
V o Tj t and i] = e. From the proofs of Theorem 3.1 and Lemmas 3.2, 3.3 in 
[13] we get that r] t is a one-parameter subgroup of Di^y Sr) (M), the curve 

t i-> r] t is of class C 1 , the map Exp : T e Di^ }Ar) (M) -> Dij^^M) defined 
by V i— > ?7i is continuous. 

Each curve of the form t i— > E(tV) is a geodesic for V G T^DiS 5r; (M) 

such that dE(tV) / dt is the map m i— > d(exp(tV(m))/ dt = Y m (t) for each m G 
M, where j m (t) is a geodesic on M, 7 m (0) = r)(m), 7^(0) = V(m). Indeed, 
this follows from an existence of a solution of a corresponding differential 
equation in the Hilbert space H^ v Sr] (M\TM), then we proceed as in the 
proof of Theorem 9.1 [13]. 

From the definition of \x it follows that for each x G M there exists an 
open neighbourhood Y 3 x such that fJ>(Y) > [67]. Since t > 1, the scalar 
product (Hi) gives a weaker topology than the initial H^ Sr} . 

Then the right multiplication a h (f) — f o h, f — > / o /i is of class C°° on 
(M) for each /i G L>^ } U?? (M). Moreover, Di { ^ } 5r) (M) acts on itself 
freely from the right, hence we have the following principal vector bundle 
7r : TDifX Sr) (M) — > E>if \ Sr) (M) with the canonical projection n. 

Analogously to [13, 43] we get the connection V = V o h over R on 
s (M). If V is torsion-free then V is also torsion-free. From this it 

follows that the existence of E and DifX $ V (M) is the Hilbert manifold of 
class ^{y^j+S},^, since exp for M is of class H^^~^ } 8 , f -> / o h is a 
C°° mapping with the derivative a h : H^^M' ,TN) -> if{^(M,7W) 
whilst heH$l v (M,M'), 

(vi) E h (V) := exp h ( x )(V(h(x))), where 

(mi) \4 = Vo/i, ^ is a vector field in M, V" is a vector field in Di^ Sr) (M). 
2.9. Theorem. Let M and N be manifolds both either real or com- 
plex or quaternion and (L M N)^ and Diff!jj (N) be a group of loops and a 
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group of diffeomorphisms preserving a marked point yo G N, where £ is a 
class of smoothness (see §§2.1, 2.2 and 2.3). Then there exists a topological 
locally connected nonlocally compact group which is their semidirect product 
Diff!jj (N) ® s (L M N)^ such that for complex or quaternion manifolds it has 
an embedding as the closed subgroup into Diff^Nn) ® s (L Mr Nh)^ with 
infinite codimension. If M and N are complex manifolds, then there exist 
quaternion manifolds P and Q and complex holomorphic embeddings of M 
and N into P and Q respectively and an embedding of Dif fy (N) (g> s (L M N)^ 
into Diff£ Q (Q) ® s (L P Q)^ as a closed subgroup of infinite codimension of 
T e (Diffl Q (N)®°(L M N)t) inT e {Diffl o {Q)®*{L p Q)z). 

Proof. Let Dif ft (N) be the subgroup of the group of diffeomorphisms 
preservind a marked point yo in N, ( G Dif fy (N) be a marked element 
in this subgroup, then it induces the internal automoprhism Diff!^ (N) 3 
ip \— > £ o ijj o For each function / : M — > N with /(so) = yo and each 
diffeomorphism if) G Dif fy {N) there is defined a mapping if)(f) : M — * iV 
such that ip(f)(so) = yo- Consider the equivalence relation caused by the 
action of Dif fj {M) on the space of all such mappings / of the class of 
smootness corresponding to £. From Theorem 2.1.4.1 it follows, that if) is an 
automorphism of the loop monoid (S M N)^, since if)(u)o) = and if)(fi V/2) = 
VK/i) v i>(h) for eacn /1 and f2-M-^N with /i(s ) = yo and f 2 (s ) = yo, 
where luq(M) := {yo}. In view of Theorem 2.1.7(1) the diffeomorphism if) 
induces the automorphism of the loop group, which it is convenient to denote 
by if) : g 3 (L M N)^ 1— > ip(g). Thus there exists a semidirect product of these 
groups for which products of elements (V'i,<7i) and (ip 2 , 92) £ Difffjj o (N) £g> s 

(L M N)^ are given by the formula: (^1, gi)(if>2, 92) = (V'i ^2, fl'ifl'^ 1 ), where 
g^ := o ip o for each g G (L M N)^. Since the diffeomorphism group 

Difffj (N) is nonlocally compact and locally connected, then such is also 
Diff^(N) <g> s (L M N)^. The latter statements about embeddings follows 
from Theorems 2.1.7(4), 2.2.1 and Lemma 2.6.2. 

2.10. Theorem. Let G := Diff^(N) <g> s (L M N)^ be a semidirect prod- 
uct of a group of diffeomorphisms and a group of loops as in §2.9. Then G is 
an infinite dimensional uniformly complete Lie group which does not satisfy 
even locally the Campbell- Hausdorff formula as well as its closed subgroups 
Diff!* o (N) and (L M N)^, besides the degenerate case of Dif f°(N) for a com- 
pact complex manifold N. If both manifolds M and N are either complex or 
quaternion, then G has a structure of a complex or a quaternion manifold 
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respectively. 

Proof. If dimnN > 1, then (L M N)^ is infinite dimensional and non- 
locally compact manifold (see Theorem 2.1.7). A group Difffj (N) may- 
be locally compact only for finite dimensional complex manifold N and 
£ = 0, but then dim-^N > 1, hence G is nonlocally compact in all cases. 
Groups Dif fy (N) and (L M N)^ have structures of smooth manifolds, hence 
so is G also, since Diff!* o (N) acts smoothly on (L M N)^. Group operations 
(/, g) I— > fg^ 1 are smooth in them, hence they are Lie groups. For both either 
complex or quaternion manifolds M and iV groups of loops and diffeomor- 
phisms have structures of complex and quaternion manifolds respectively, 
hence such is their semidirect product also. It is known, that the diffeomor- 
phism group does not satisfy the Campbell-Hausdorff formula besides the 
case of a compact complex manifold iV for Diff°(N) (see [7, 13, 36]). The 
uniformities in Diff^ Q (N) and (L M N)^ correspond to the class of smooth- 
ness characterized by £. Thus these subgroups are closed in their semidirect 
product. 

The loop group (L M N)^ for dim-R.N > 1 is nondiscrete. To prove that 
it does not satisfy locally the Campbell-Hausdorff formula it is sufficient to 
prove it for its subgroup (L Mm N)^ with compact submanifold M m . Suppose 
that it has a nontrivial local one-parameter subgroup {g b : b G (—a, a)} with 
a > 1 for an element g corresponding to an equivalence class of a mapping 
/ : M m -> N, f(s ) = yo, when / is such that sup yeJV [card(/ _1 (y))] = k < 
K . The condition a > 1 is not restrictive, since it is possible to consider 
arbitrary small neighbourhood of e. The existence of a nontrivial local one- 
parameter subgroup imply that for each integer ^ p G Z there exists 
g x l p in (L^N)^ such that (g 1 ^ p ) p = g. This number p may be arbitrary 
large. The mapping f p belonging to the class of equivalence corresponding 
to g x l' p has at least one restriction f p (so) = yo, but then wedge product of f p 
with itself \p\ times and the corresponding equivalence class would give an 
element h p in it having at least one point y G iV with \p\ < card{h~ 1 {y)). On 
the other hand, h p (M) = f(M). Then g k l p with relatively prime k and p, 
(k,p) = 1, with p arbitrary large would give in the symmetric neighbourhood 
U = U^ 1 3 g 7^ e, e ^ U, elements 

gk/ P j n 

U with mapping representatives 
hk/p of these classes having arbitrary large amount of distinct points in M m 
belonging to h^j p {y) for each y G f(M) C iV while p tends to the infinity. 
But hi = f has sup yeN [card(hi 1 (y))] = k < K by the supposition above. 
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The diameter of M m as the metric space is positive together with 
Since g ^ e, then < h k / p >^= g k l' p can not converge to g while k/p G Q 
tends to 1. Thus for each neighbourhood V of e in (L M N)^ there exists 
e ^ g E V such that g does not belong to any local one-parameter subgroup. 
In G := Dif f^ o (N) (g> s (L M N)^ an element (e,g) does not belong to any 
local one-parameter subgroup. Moreover, G does not satisfy the Campbell- 
Hausorff formula. 

Let now both manifolds M and N be either complex or quaternion, then 
the tangent bundle TC 1 (M, N) is isomorphic with C 1 (M, TN), since M and 
N are C°°-manifolds particularly. Considering continuous piecewise complex 
or quaternion holomorphic mappings / from M into N and the completion 
of their family by y^-uniformity, we get, that TY^(M, N) is isomorphic with 
Y^(M, TN). If / : M — > N then ^- o / o ^T 1 has domain in the complex 
or quaternion vector space T y N, where (Vj,ipj) is a chart of At(N), y G N, 
Vj n V k ^ 0. Consider charts W k {U) : = {/ G F 5 (M, iV) : /([/) C V fc }, where 
U is open in M, then the transition mapping between W k (U) and Wj(C/) is 
ipkoipj 1 , since from / G Wj(U) it follows, that o /)([/) c Vj(Vj) C T^iV. 
Since ^ o is either complex or quaternion holomorphic, then Y^(M, N) 
is complex or quaternion manifold respectively. Since T y N is either complex 
or quaternion vector space, then TfY^(M, N) is either complex or quaternion 
vector space respectively for each / G Y^(M, N). Using constructions above 
of G from Y^(M, N) and Lemma 2.1.6.2, we get that G has the structure of 
either complex or quaternion manifold correspondingly. 

2.11. Theorem. A loop group G := (L M N) ( from §§2.1.5, 2.3 and 
diffeomorphism groups G := Diffp^M) from [43] and G := Di^y Sr) (M) 
from §2.3 and G := Diff^(M) from §2.2 and their semidirect product G : = 
Diff/jj (N) s (L M N)^ have uniform atlases. 

Proof. In view of Theorems 3.1 and 3.3 [43] and Theorems 2.1.7, 2.2.1, 
2.8 above a diffeomorphism group G and a loop group G := (L M N)^ have 
uniform atlases (see §2.1) consistent with their topology, where M is a real 
manifold l<t<oo,0</3<oo,0<7<oofora diffeomorphism group 
Diffp-f(M) (see [43]). Others parameters are specified in the cited para- 
graphs. They also include the particular cases of finite dimensional manifolds 
M and N. 

The case of complex compact M for G := Diff°°(M) is trivial, since 
Diff°°(M) is the finite dimensional Lie group for such M [36]. 
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In view of Theorems 2.1.7, 2.8, 2.10 and Formulas 2.8. (vi,vii) above and 
Theorem 3.3 [43] to satisfy conditions (Ul, U2) of §2.1.1 it is sufficient to find 
an atlas At(G) of each such group G, for which Lq is a neighbourhood of e, 
U\ and C/J are for x = e such that 4>\(Ui) contains a ball of radius r > 0. Due 
to an existence of left-invariant metrics in each such topological group and 
its paracompactness and separability we can take a locally finite covering 
{Uj : g^Uj C Ui : j E N}, where {gj : j E N} is a countable subset of 
pairwise distinct elements of the group, g\ = e. Using uniform continuity of E 
we can satisfy (Ul, U2) with r > 0, since the manifolds M for diffeomorphism 
groups and N for loop groups also have uniform atlases. Choosing Lq in 
addition such that E is bounded on U\U\ and using left shifts L^g := hg, 
where h and g E G, AB := {c : c = ab, a E A, b E B} for A U B C G, 
and Condition (U3) for M and iV we get, that there exist sufficiently small 
neighbourhoods U u U\ and U 2 e with U 2 e U 2 e C U\ and U\ C xU\, U 2 X C xU 2 e 
for each x E G such that Conditions (Ul — U3) are fulfilled, since uniform 
atlases exist on the Banach or Hilbert tangent space T e G. 

3 Differentiable transition probabilities on groups. 

3.1. Definitions and Notes. Let G be a Hausdorff topological group, 
we denote by /i : Af(G,fi) — > [0, oo) C R a c-additive measure. Its left 
shifts fJ,<j,(E) := o E) are considered for each E E Af(G,fj,), where 

Af(G,fi) is the completion of Bf(G) by /z-null sets, Bf(G) is the Borel 
a-field on G, <f) o E := {(f) o h : h E E}, <fi E G. Then [i is called quasi- 
invariant if there exists a dense subgroup G' such that /i^ is equivalent to 
/i for each <fi E G' . Henceforth, we assume that a quasi-invariance factor 
P/i(05fl') — ^<j>(dg) I ' n(dg) is continuous by ((f), g) EG' x G, n(V) > for some 
(open) neighbourhood V C G of a unit element e G G and < oo. 

Let (M, F) be a space M of measures on (G, Bf(G)) with values in R and 
G" be a dense subgroup in G such that a topology F on M is compatible 
with G\ that is, /j, t— > is the homomorphism of (M,F) into itself for 
each /i G G". Let F be the topology of convergence for each E E Bf(G). 
Suppose also that G and G" are real Banach manifolds such that the tangent 
space T e G" is dense in T e G, then TG and TG" are also Banach manifolds. 
Let S(G") denotes a set of all differentiable vector fields X on G", that is, 
X are sections of the tangent bundle TG\ We say that a measure fx is 
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continuously differentiable if there exists its tangent mapping T t f,n < i > (E)(X < j > ) 
corresponding to the strong differentiability relative to Banach structures of 
the manifolds G" and TG\ Its differential we denote by D^n^E), hence 
D t j ) fj l( j ) (E)(X t j ) ) is the a-additive real measure by subsets E G Af(G,/i) for 
each G G" and X G S(G") such that Dfi(E) : TG" — > R is continuous 
for each E G Af(G,/i), where D^ji^E) = pr 2 o (Tji)^{E), pr 2 :pxF^ 
F is the projection in TN, p G N, T P N = F, N is another real Banach 
differentiable manifold modelled on a Banach space F, for a differentiable 
mapping V : G" — > N by TV : TG n — > TiV is denoted the corresponding 
tangent mapping, (T^x)^{E) := T^/i^E). Then by induction /i is called n 
times continuously differentiable if T™" 1 /! is continuously differentiable such 
that T> := T{T n ~ l ii), {D n i i) rt> {E){X w , X n ^) are the a-additive real 
measures by E G Af(G,fi) for each X lr ..,X n G H(G"), where (X,-)^ =: 
for each j = l,...,n and G £>> : //) <g> H(G"') n -> R. 

3.2. Note. Suppose that in either a y T ' 6 -Hilbert or Y r,b ' d -manifold N 
modelled on ^(K) (see §2.1) there exists a dense y T,fe - or y T > 6 ,<f '-Hilbert 
submanifold N' modelled on l 2 , £ = M K ), K = R or C or H (see §2.2.2), 
where 

(1) a > b > b' and c > d' and either 

(2) oo > e > 1/2 and d' > d" or 

(3) oo > e > and d! > d" (such that either d[ > d"i or d[ = d"i and 
d 2 > d" 2 + 1) correspondingly. 

If a manifold iV is finite dimensional let N' = N. Evidently, each Y r ' b - 
manifold is a complex C°°-manifold. Certainly we suppose, that a class 
of smoothness of a manifold N' is not less than that of N and classes of 
smoothness of M and N are not less than that of a given loop group for it 
as in §2.1.5 and of G' as below. For a chosen loop group G = (L M N)^ let its 
dense subgroup G' := (L M N')^ be characterized by parameters: 

(a) f = (T,a") such that a" > 6 for f = or f = H and the F T ' b - 
manifolds M and X and the Y r,b -manifold N'; 

(b) f = (T, a") such that a > a" > b for f = (T, a); 

(c) £' = (T, a",c") for £ = (T, a, c) and dim-^M = oo such that 6 < 
a" < a and d' < c" < c and either (2) oo > e > 1 with d" < d! or (3) 
oo > e > with d" < d' ', such that either d[ > d"i or d[ = d"i and 
d' 2 > d" 2 + 1, where M and X are r T ' M '-manifolds, X' is the F T > fe V- 
manifold, 1 < dim-^M =: m < oo in the cases (a — 6), where either ai > a"i 
or ai = a"i with a 2 > a" 2 + 1, analogously for c and c", 6 and b 1 instead 
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of a and a". For the corresponding pair G' := (L^N')^ and G := (L^N)^ 
let indices in (1 — 3) and (a — c) be the same with substitution of £ = on 
£ = (<x>, if). 

For a diffeomorphism group Diffp (M) of a Banach manifold M let M 
be a dense Hilbert submanifold in M as in [43, 44]. For Difffj (N) and 
(L M N)z consider in G := Diff^N) (g) s (L M 'N) ( a dense subgroup G' : = 
Diffl(N') ® s (L M N')z, where pairs (£, £') are described above. 

3.3. Theorem. Let G be either a loop group or a diffeomorphism group 
or their semidirect product for real or complex or quaternion separable metriz- 
able C 00 -manifolds M and N , then there exist a Wiener process on G which 
induces quasi-invariant infinite differentiable measures ji relative to a dense 
subgroup G'. 

For a given pair (G, G') there exists a family of nonequivalent Wiener 
processes on G of the cardinality c = card(R) and a family of the cardinality 
c of pairwise orthogonal quasi-invariant C°°- differentiable measures on G 
relative to G' . 

Proof. These topological groups also have structures of C°°-manifolds, 
but they do not satisfy the Campbell-Hausdorff formula (see Theorems 2.1.7, 
2.8, 2.10) in any open local subgroup. Their manifold structures and actions 
of G' on G will be sufficient for the construction of desired measures. Mani- 
folds over C or H naturally have structures of manifolds over R also. 

We take G = G and Y = Y for each loop group (L M N)^ outlined in 
3.2.(6, c), for each diffeomorphism group Diff^(M) of a complex or quater- 
nion manifold M respectively given above, for each diffeomorphism group 
G := Dify 8r)(M) for a real manifold M, for corresponding semidirect prod- 
ucts of loop and diffeomorphism groups, since such G has a Hilbert manifold 
structure (see Theorems 2.1.7, 2.8, 2.10). For G := Diff^^M) there exists 
a Hilbert dense submanifold M in a Banach manifold M (see §2.6) and a 
subgroup G := Di^ Srj (M) dense in G and a diffeomorphism subgroup G' 
dense in G (see the proof of Theorem 3.10 [44] and Lemma 2.6.2 above), anal- 
ogously for loop groups of such classes of smoothness for real manifolds and 
corresponding semidirect products of these groups. This G' can be chosen as 
in Lemma 2.7. 

For the chosen loop group G = (L M N)^ let its dense subgroup G' : = 
(L M N')t> be the same as in §3.2 Cases (b, c). In case 3.2. (a) let G = (L M N) ( 
and G = (L M N')^ with | = (T, a) such that a > a", then G' let be as in 
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3.2. (a), then also for G := Diff^N) ® s (L M N)^ take G' := Diff^(N') ® s 
(L M N')^>. 

Then the embedding J : T e G' T e G is the Hilbert-Schmidt operator, 
that follows from §2.1 and Lemma 2.7, Theorem 2.10. 

On a dense subgroup G' there exists a 1-parameter group p : R x G' — > G' 
of diffeomorphisms of G' generated by a G°°-vector field X p on G" such that 
X p {p) = (dp(s,p)/ds)\ s=0 , where p(s + t,p) = p(s,p(t,p)) for each s,t G R, 
p(0,p) = P, p(s, *) : G' — > G' is the diffeomorphism for each s G R (about p 
see §1.10.8 [34]). Then each measure p on G and p produce a 1-parameter 
family of measures p s (W) := p(p(—s, W)). Let tq TG — > G be a tangent 
bundle on G. Let also 9 : Zq — > G be a trivial bundle on G with a fibre Z such 
that Zq = ZxG. We suppose also, that Li t2 (9, tq) is an operator bundle with 
a fibre Li t2 (Z,Y), where Z, Z ± , Z n are Hilbert spaces, L ni2 (Zi, Z n ; Z) 
is a subspace of a space of all Hilbert-Schmidt n times multilinear operators 
from Zi x ... x Z n into Z (see [6, 62]). Then L nj2 (Zi, Z n ; Z) has the 
structure of the Hilbert space with the scalar product denoted by 

oo 

31,— Jn=l 

for each pair of its elements 0, ■0. It does not depend on a choice of the or- 
thonormal bases {e(k) j : j} in Z k . Let n := tq@Li %2 (9, Tq) be a Whitney sum 
of bundles r and Li >2 (9, tq). If 0j) and (Ui, 4>i) are two charts of G with 
an open non-void intersection Uj H £//, then to a connecting mapping = 
there corresponds a connecting mapping x f'^ ^ for the bundle 
n and its charts Uj x (Y®L lj2 (Z, Y)) for j = 1 or j = 2, where /' denotes the 
strong derivative of /, f Mj : (a^,A^) (f'^a^J'^. o A*), a^eY 

and A* G L 1>2 (Z,r) for the chart (f/,0), f'^oA** := f'^A^f'^. 
Such bundles are called quadratic. Then there exists a new bundle J on G 
with the same fibre as for n, but with new connecting mappings: J(f<j, u $ ■) : 
(afcAfc) ^ (/'^a*' +tr(f' lht4 ,.(A<l>i,A*i))/2,f' lht4 ,. o A**), where fr(A) 
denotes a trace of an operator A. Then using sheafs one gets the Ito functor 
/ : 1(G) — > G from the category of manifolds to the category of quadratic 
bundles. 

For the construction of differentiable measures on the G°°-manifold we 
shall use the following statement: if a G G°°(TG', TG) and A G G°°(TG', L lt2 (TG', TG)) 
and a x G T X G and A x G L^ 2 (T X G' ,T X G) for each x G G', each derivative by 
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x G G': and A^f* is a Hilbert-Schmidt mappings into Y = T e G for each 
k G N and sup T;eG ||A T; (t)A*(t)|| _1 < C, where C > is a constant, then 
the transition probability P(r,x,t,W) := P{uo : £(t,u) = x,£(t,u) G W} 
is continuously stronlgy C^-differentiable along vector fields on G', where 
G' is a dense C°°-sub manifold on a space Y', Y' is a separable real Hilbert 
space having embedding into Y as a dense linear subspace (see Theorem 3.3 
and the Remark after it in Chapter 4 [6] as well as Theorems 4.2.1, 4.3.1 and 
5.3.3 [6], Definitions 3.1 above), W G F t . 

Now let G be a loop or a diffeomorphism group or their semidirect product 
of the corresponding manifolds over the field K = R or C or H. Then G has 
the manifold structure. If exp^ : TN — > N is an exponential mapping of the 
manifold N, then it induces the exponential C°°-mapping E : T(L M N)^ — > 
(L M N)t defined by E v (v) = exp^ ov v (see Theorems 2.1.3.9, 2.1.7 and 2.10), 
where TN is a neighbourhood of iV in a tangent bundle TN, rj G (L M N)^ =: 
G, H^. is a neighbourhood of e in G, W v = W e o 77. At first this mapping is 
defined on classes of equivalent mappings of the loop monoid (S M N)^ and 
then on elements of the group, since expj^ is defined for each x G M and / G 
77 G (S M N)^. The manifolds G and G" are of class C°° and the exponential 
mappings E and E for G and G" correspondingly are of class (strongly) C°°. 
The analogous connection there exists in the diffeomorphism group of the 
manifold M satisfying the corresponding conditions (see Theorem 3.3 [43], 
§2.3 and Theorem 2.8) for which: E r) (v) = exp v ^ ov v for each x G M and 
77 G G. We can choose the uniform atlases At u (G) such that Christoffel 
symbols T v are bounded on each chart (see Theorem 2.11). This mapping E 
is for G as the manifold and has not relations with its group structure such 
as given by the Campbell-Hausdorff formula for some Lie group, for example, 
finite dimensional Lie group. For the case of manifolds M and N over C we 
consider G and others appearing manifolds with their structure over R, since 
C = R © iH as the Banach space over R. 

The exponential mapping exp G : TG — > G is defined by the formula 
X 1— > Cx(l). The restriction exp G \ fGnT p G wm a ^ so ^ e denoted by exp G . Then 
there is defined the mapping I(exp G ) : I(TG) — > I{G) such that for each 
chart (U, 0) the mapping J(exp^) : Y © L lj2 {Z, Y) —>Y ® L 1)2 (Z, Y) is given 
by the following formula: 

J(exp*)(a^, A*) = (a* - tr(r*(A*, A*))/ 2, A% 
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where T denotes the Christoffel symbol. 

Therefore, if R x ,o(a, A) is a germ of diffusion processes at a point y = of 
the tangent space T X G, then exp x R Xt0 (a, A) := R x (I(exp x )(a, A)) is a germ of 
stochastic processes at a point x of the manifold G. The germs exp x R x ^(a, A) 
are called stochastic differentials and the ltd bundle is called the bundle of 
stochastic differentials such that R Xt o(a, A) =: a x dt + A x dw. A section U of 
the vector bundle II = r Y © L 12 (0,t y ) is called an ltd field on the mani- 
fold G and it defines a field of stochastic differentials R x (I(exp x )(a, A)) = 
exp x (a x dt + A x dw). A random process £ has a stochastic differential de- 
fined by the ltd field U : d£(s, uo) = exp^ s w ^R(a^ s ^), A^ s ^)) if the following 
conditions are satisfied: for z/^-almost every x G Y there exists a neighbour- 
hood V x of a point x and a diffusion process rj x (t,u) belonging to the germ 
R x (I(exp x ))(a,A) such that P s , x {t,(t, w) = rj x (t,u) : Z(t,w) eV x ,t>s} = l 
z/£( s )-almost everywhere, where P S>X (S) := P{S : £(s,u) = x}, S is a P- 
measurable subset of f2, ^( S )(F) := P{u : £(s, a;) G F} (see Chapter 4 in 
[6])- 

If U(t) = (a(t), A(t)) is a time dependent ltd field, then a random process 
£ (£, a;) having for each t G [0, T] a stochastic differential d£ = exp^ t ^ (a^ t ,u)dt+ 
A£(t,w)dw) is called a stochastic differential equation on the manifold G, the 
process £(t,u) is called its solution (see Chapter VII in [11]). As usually a 
flow of ex-algebras consistent with the Wiener process w(t,u) is a monotone 
set of a-algebras F t such that w(s, c<j) is F t -measurable for each < s < t and 
w(t,u) — w(s,u) is independent from F t for each r > s > t, where F s D F t 
for each < t < s. 

Then we consider for a manifold G its Ito bundle for which an ltd field 
U has a principal part (a n ,A v ), where a v G T n G and A v G Li t 2(H,T v G) and 
ker(A v ) = {0}, : iff? — > G is a trivial bundle with a Hilbert fiber H and 
i?G G x H, L li2 (9, r ri ) is an operator bundle with a fibre L lt2 (H, T V G). To 
satisfy conditions of the theorem about quasi-invariance and differentiability 
of a transition probability we choose A also such that sup^ GG || A v (t)A* (t) || ~ x < 
C, where C > is a constant. If an operator B is selfadjoint, then AfjBA^* 

is also selfadjoint, where A^t) =: Ap (t) is on a chart (Uj,(j)j). If is a 
Gaussian measure on T V G with the correlation operator B, then ^ A <t> BA <t>* is 
the Gaussian measure on Xl jJ? , where B is selfadjoint and ker(B) = {0}, 
: TjjG — > -Xi jJ? , X 1?) is a Hilbert space. We can take initially hb a cylindri- 
cal measure on a Hilbert space X' such that T^G" C X' C T^G. If ^ is the 
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Hilbert-Schmidt operator with ker(A v ) = {0}, then AfjBA^* is the nondegen- 
erate selfadjoint linear operator of trace class and the so called Radonifying 
operator induces the a-additive measure H A <t> BA 4>* in the completion X' l rq 
of X' with respect to the norm ||x||i := \\A v x\\ (see §11.2.4 [11], §1.1.1 [67], 
§11.2.4 [61]). Then using cylinder subsets we get a new Gaussian u-additive 
measure on T V G, which we denote also by ji A <t> BA <i>* (see also Theorems 1.6.1 
and III. 1.1 [37]). 

If Uj n Ui + 0, then Ap(t) = /^/A^)/^.' -1 , hence the correla- 
tion operator A^BAf* is selfadjoint on each chart of G, that produces the 
Wiener process correctly. Therefore, we can consider a stochastic process 
d£(t,u) = Eg( t ,u)[ a £(t,w)dt + A^ t ^dw\, where w is a Wiener process in T V G 
defined with the help of a nuclear nondegenerate selfadjoint positive defi- 
nite operator B. The corresponding Gaussian measures l^ tA 4> BA 4>* for t > 
(for the Wiener process) are defined on the Borel a-algebra of T V G and 
H tA <t> BA <t>* for such Hilbert-Schmidt nondegenerate linear operators A v with 
ker(Arj) = {0} are a-additive (see Theorem II. 2.1 [11]). If the embedding 
operator T^G' <^-> T V G is of the Hilbert-Schmidt class, then there exist A v 
and B such that ^ tA <t> BA <t>* is the quasi-invariant and C°°-differentiable mea- 
sure on T V G relative to shifts on vectors from T V G' (see Theorem 26.2 [67] 
using Carleman-Fredholm determinant and Chapter IV [11] and §5.3 [74]). 
Henceforth we impose such conditions on B and A v for each rj e G' . 

Consider left shifts L h : G — > G such that L h rj := h o rj. Let us take a e G 
T e G, A e E L h2 (T e G',T e G), then we put a x = (DL x )a e and A x = (DL X ) o A e 
for each x G G, hence a x G T e G and A x G L 12 {H X , (DL x )T e G), where 
(DL x )T e G = T X G and T e G' C T e G, H x := (DL x )T e G' . Operators are 
(strongly) C°°-differentiable diffeomorphisms of G such that D h L h : T V G — > 
ThrjG is correctly defined, since DhLh = h* is the differential of h [13, 14]. In 
view of the choice of G' in G each covariant derivative V Xi---^ x n (D h L h )Y 
is of class L n+ 2^{TG' n+1 x G', TG) for each vector fields Xi, ...,X n , Y on G' 
and h G G", since for each < I G Z the embedding of T'G' into T'G is of 
Hilbert-Schmidt class, where T°G := G (above and in [6] mappings of trace 
and Hilbert-Schmidt classes were defined for linear mappings on Banach and 
Hilbert spaces and then for mappings on vector bundles). Take a dense 
subgroup G' as it was otlined above and consider left shifts Lh for h G G' . 

The considered here groups G are separable, hence the minimal a-algebra 
generated by all cylindrical subalgebras / _1 (B n ), n=l,2,..., coincides with 
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the a-algebra B of all Borel subsets of G, where / : G — > R n is a contin- 
uous function, B n is the Borel a-algebra of R n . Moreover, G is the topo- 
logical Radon space (see Theorem 1.1.2 and Proposition 1.1.7 [11]). Let 
P(t , ip, t, W) := P({uj : £(to, uj) = ip, £(t, uj) G W}) be a transition probabil- 
ity of a stochastic process £ for < t < t, which is defined on a cr-algebra B 
of Borel subsets in G, W G B, since each measure H A <t> BA <t>* is defined on the 
cr-algebra of Borel subsets of T V G (see above). 

If G is a manifold with an uniform atlas (see §2.1) such that an ltd field 
(a, A) and Christoffel symbols are bounded, then there exists a unique up 
to stochastic equivalence random evolution family S(t, r) consistent with the 
flow of cr-algebras F t generated by a solution £(t,u) of the stochastic differ- 
ential equation d£ = exp^ t ^(a^ t>U) )dt + A^^dw) on G, that is, £(r, uj) = x, 
£(t,uj) = S(t,r,uj)x for each t < t < t < oo (see Theorem 4.2.1 [6]). 

On the other hand, S(t, r; gx) = gS(t, r; x) is the stochastic evolution 
family of operators for each < t < t < t. There exists //(W) : = 
P(to,ip,t, W) such that it is a u-additive quasi-invariant strongly C°°-differentiable 
relative to the action of G' by the left shifts Lh on \x measure on G, for exam- 
ple, to = and ip = e with t < t, that is, fJ>h(W) := jjiih^W) is equivalent 
to /i and it is strongly infinitely differentiable by h G G'. 

The proof in cases G = G is thus obtained. In cases G C G and G ^ G the 
use of the standard procedure of cylinder subsets induce a Weiener process 
and a transition probability from G on G which is quasi-invariant and C°°- 
differentiable relative to G' (see aslo [44]). Evidently, considering different 
(a, A) we see that there exists a family of nonequivalent Wiener processes on 
G of the cardinality c = card(R). In view of the Kakutani theorem in [11] 
there exists a family of the cardinality c of pairwise orthogonal quasi-invariant 
C°°-differentiable measures on G relative to G' . 

3.4. Note. This proof also shows, that \x is infinitely differentiable 
relative to each 1-parameter group p : R x G' — > G' of diffeomorphisms of G' 
generated by a C°°-vector field X p on G' . 

4 Unitary representations associated with quasi- 
invariant measures. 

4.1.1. Note. A transition probability P =: v on G induces strongly 
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continuous unitary regular representation of G' given by the following for- 
mula: T^f(g) := {^{dg)/^))^' 2 fih^g) for / G L 2 (G>,C) =: H, 
T% G U(H), U(H) denotes the unitary group of the Hilbert space H, where 
b G R, i = (— l) 1 / 2 . For the strong continuity of T£ conditions of the con- 
tinuity of the mapping G' 3 h i— > p u (h,g) G L 1 (G, z/, C) and that v is the 
Borel measure are sufficient, where g G G, since z/ is the Radon measure 
(see its definition in Chapter I [11]). On the other hand, the continuity of 
p u (h,g) = is h (dg)/v(dg) by h from a Polish group G' into L l (G, z/, C) follows 
from the inclusion p„(h,g) G z/, C) for each h G G' and that G' is 

a topological subgroup of G. In section 3 mostly Polish groups G and G' 
were considered. When G was not Polish it was used an embedding into 
G of a Polish subgroup G such that G' C G C G and a measure on G in- 
duces a measure on G with the help of an algebra of cylindrical subsets. So 
the considered cases of representations reduce to the case of Polish groups 
(G, G'). 

More generally it is possible to consider instead of a topological group 
G a Polish topological space X on which G' acts jointly continuously: : 
(G' x X) 3 (h,x) i— > hx =: 4>(h,x) G X, 4>(e,x) = x for each x G X, 
<p(v,(p(h,x)) = (p(vh,x) for each t> and h e G' and each x G X. If is a 
Borel function, then it is jointly continuous [20]. 

A representation T : G' — > U(H) is called topologically irreducible, if 
there is not any unitary operator (homeomorphism) S on H and a closed 
(Hilbert) subspace if' in if such that if' is invariant relative to ST h S* for 
each h G G", that is, ST h S*(H') C 

For a topological space S* let S d denotes the derivative set of S, that is, 
of all limit points x G cl(S \ {x}), x G S, where cl(A) denotes the closure of 
a subset A in S (see §1.3 [18]). A topological space S is called dense in itself 
if S C S d . 

A measure v on X is called ergodic, if for each U G Af(X, v) and F G 
i/) with v{U) x z/(F) ^ there exists h G G' such that v((hoE)f\F) ^ 

0. 

4.1.2. Theorem. Let X fre an infinite Polish topological space with a a- 
additive a-finite nonnegative nonzero ergodic Borel measure v with supp(v) = 
X and quasi-invariant relative to an infinite dense in itself Polish topological 
group G' acting on X by a Borel function 0. If 

(i) sp c {tp\ i>{g) '■= (i ,h {dg)/v{dg)Y 1+bl ^ 2 ,h G G'} is dense in H, where 
b G R is fixed, and 
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(ii) for each f\j and f 2 ,j in H, j = 1, ...,n, n G N and each e > there 
exists h G G' such that \(T h f hj , f 2 ,j)\ < e\(f 1J ,f 2 ,j)\, when |(/ij,/ 2 j)| > 0. 
Then the regular representation T : G' — > U (H) is topologically irreducible. 

Proof. From Condition (i) it follows, that the vector f is cyclic, where 
fo G H and fo(g) = 1 for each g G X. In view of card(X) > K and an 
ergodicity of v for each n G N there are subsets C/j G Bf(X) and elements 
^ G G" such that v{{ 9j Uj) n (U=i,... J -ij+i,...,nt / i)) = and n"=i^(^) > 
0. Together with Condition {ii) this implies, that there is not any finite 
dimensional G'-invariant subspace H' in H such that T^H 1 C H' for each 
h G G" and if' 7^ {0}. Hence if there is a G'-invariant closed subspace H' 7^ 
in i7 it is isomorphic with the subspace L 2 (V, z/, C), where V G Bf(X) with 

> 0. 

Let A G denotes a *-subalgebra of an algebra \-(H) of bounded linear 
operators on H generated by the family of unitary operators {T^ : h G G'}. 
In view of the von Neumann double commuter Theorem (see §VI.24.2 [19]) 
Ag" coincides with the weak and strong operator closures of Ac in L(iJ), 
where Ac' denotes the commuting algebra of Aq and Ac" = (Ac')'. 

Each Polish space is Cech-complete. By the Baire category theorem in a 
Cech-complete space X the union A = \JiZi M of a sequence of nowhere dense 
subsets Ai is a codense subset (see Theorem 3.9.3 [18]). On the other hand, 
in view of Theorem 5.8 [27] a subgroup of a topological group is discrete if 
and only if it contains an isolated point. Therefore, we can choose 

(i) a probability Radon measure A on G' such that A has not any atoms 
and supp(X) = G' . In view of the strong continuity of the regular represen- 
tation there exists the S. Bochner integral j x Thf(g)v(dg) for each / G H, 
which implies its existence in the weak (B. Pettis) sence. The measures v and 
A are non-negative and bounded, hence H C ^(X, v, C) and L 2 (G', A, C) C 
L l {G' ', A, C) due to the Cauchy inequality. Therefore, we can apply below the 
Fubini Theorem (see §11.16.3 [19]). Let / G H, then there exists a countable 
orthonormal base {/ J : j G N} in H C/. Then for each n G N the fol- 
lowing set B n := {q G L 2 (G',A,C) : (PJ) H = f G , q(h)(P ,T h f ) H X(dh) for 
j = 0, ...,n} is non-empty, since the vector f is cyclic, where f° := /. 
There exists 00 > R > \\f\\H such that B n n B R =: B R is non-empty 
and weakly compact for each n G N, since B R is weakly compact, where 
B R := {q G L 2 (G', A, C) : \\q\\ < R} (see the Alaoglu-Bourbaki Theorem in 
§(9.3.3) [59]). Therefore, B R is a centered system of closed subsets of B R , 
that is, C\™ =1 B R 7^ for each m G N, hence it has a non-empty intersection, 
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consequently, there exists g G L 2 (G', A, C) such that 



(«) f(9) = I q(h)T h f (g)X(dh) 

J G f 

for v-a.e. g G X. If F G L°°(X, z/, C), f\ and / 2 G H, then there exist gi and 
q2 G L 2 (G', A, C) satisfying Equation (n). Therefore, 

(m) (/i,F/ 2 )h =: c = 
/ / / gi(/ii)g 2 (/i2)p^ bi)/2 (/ii^ 
Let £(/>):=/ / / g^Og^U 1 ^^ 

«/ X J G' J G' 

Then there exists (3(h) G L 2 (G', A, C) such that 

{iv) fa, P{h)t{h)\(dh) = c. 
To prove this we consider two cases. If c = it is sufficient to take /3 
orthogonal to £ in L 2 (G', A, C). Each function q G L 2 (G', A, C) can be written 
as q = q 1 — q 2 + iq 3 — iq 4 , where q^{h) > for each h G G' and j = 1, 4, 
hence we obtain the corresponding decomposition for £, £ = £)- fc V ,k ^ ,k , 
where £ J ' fc corresponds to gj and q 2 , where 6 J,A: G {1, — — «}. If c 7^ we 
can choose (jo, &o) for which £? > fc ° ^ and 

(v) (3 is orthogonal to others with (j, fc) 7^ (j , &o)- 
Otherwise, if £ J ' fc = for each (j, fc), then g/ (h) = for each (/, j) and A-a.e. 
h E G', since 

£(0)=/ i/(<fc)(/ qi(h 1 )p^ 2 (h 1 ,g)X(dh 1 ))([ q 2 (h 2 )p^ 2 (h 2 ,g)\(dh 2 )) = 

J X J G 1 J G 1 

and this implies c = 0, which is the contradiction with the assumption 0. 
Hence there exists j3 satisfying conditions (iv,v). 

Let a(x) G L°°(A>,C), f and g G if, G L 2 (G",A,C). Since 

L 2 (G', A, C) is infinite dimensional, then for each finite family of a G {a±, a m } C 
L°°(A>,C), / G {/i,...,/ m } C if there exists G L 2 (G",A,C), /i G G", 
such that f3 is orthogonal to f x f s {g)[fAh~ l 9){pAK g)) il+ ^' 2 - f,(g)H d 9) 
for each s,j = l,...,m. Hence each operator of multiplication on aj(g) be- 
longs to A G ", since due to Formula (iv) and Condition (v) there exists (3(h) 
such that 

(f.,a j fi)=[ f f s (g)m(Pv(h,g)) {1+bl)/2 fi(h- 1 g)\(dh)v(dg) = 
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= / / f.(9Mh)(T h Mg))\(dh)u(dg), [ f s {g)a ] {g)f l {g)v{dg) = 

J X J Gr J X 

= 11 f s (g)mfi(g)Hdh)v(dg) = (f s ,a J f l ). 

Hence Ac" contains subalgebra of all operators of multiplication on functions 
from L°°(X, v, C). With G' and a Banach algebra A the trivial Banach bundle 
B = A x G' is associative, in particular let A = C (see §VIII.2.7 [19]). 

The regular representation T of G' gives rise to a canonical regular H- 
projection-valued measure P: P(W)f = Chwf, where / G H , W G Bf(X), 
Chw is the characteristic function of W. Therefore, ThP(W) = P(h o W)Th 
for each h G G' and W G Bf(X), since p„(/i, /i -1 o g)p u (h, g) = 1 = p u (e,g) 
for each (h,g) E G> x X, Ch w {h' 1 o g) = Ch hoW {g) and T h (P(W)f(g)) = 
pu(h,g) {1+bi)/2 P(hoW)f(h~ 1 og). Thus <T,P> is a system of imprimitivity 
for G' over X, which is denoted T v . This means that conditions SI(i — in) 
are satisfied: 

SI(i) T is a unitary representation of G'; 

SI(ii) P is a regular iJ-projection-valued Borel measure on X and 
S7(m) T^P(Vy) = P(h o W)Th for all /i G G' and W G 
For each F G L°°(X, z/, C) let be the operator in L(H) consisting of 
multiplication by F: Of(/) = for each / G H. The map F — > is an 
isometric *-isomorphism of L°°(X, z/, C) into L(iJ) (see §VIII.19.2[19]). 

If p is a projection onto a closed T^-stable subspace of H, then p com- 
mutes with all P(W). Hence p commutes with multiplication by all F G 
L°°{X,v,C), so by §VIII.19.2 [19] p = P(V), where V G Bf(X). Also p 
commutes with all T h , h G G', consequently, (h o V) \ V and (h' 1 oV)\V 
are z/-null for each h G G', hence v((h o V) A V) =0 for all h G G". In 
view of ergodicity of v and Proposition VIII. 19.5 [19] either v(V) = or 
u(X \ V) — 0, hence either p = or p = /, where I is the unit operator. 
Hence T is the irreducible unitary representation. 

4.2. Theorem. On a loop group or a diffeomorphism group or on 
their semidirect product G there exists a stochastic process, which gener- 
ates a quasi-invariant measure p relative to a dense subgroup G' such that 
an associated regular unitary representation T M : G' — > U(L 2 (G, p, C)) is 
irreducible. The family \& of such pairwise nonequivalent irreducible unitary 
representations has the cardinality card(^>) = card(R). 

Proof. From the construction of G' and p in §3.2 and Theorem 3.3 it 
follows that, if a function / G L l {G, p, C) satisfies the following condition 
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f h (g) — f{g) (mod n) by g G G for each h G G', then f(x) = const (mod //), 
where f h (g) := f(hg), g G G. 

Let f(g) = Chu(g) be the characteristic function of a subset U, U C G, 
U G Af(G,fi), then = 1 g G /i -1 C/. If /^(g) = f(g) is accomplished 

by g G G //-almost everywhere, then //({<? G G : f h (g) 7^ f(g)}) = 0, that is 
^((h^U) A [/) = 0, consequently, the measure // satisfies the condition (P) 
from §VIII. 19.5 [19], where AAB := (A\B)U(B\A) for each A, B C G. For 
each subset E C G the outer measure is bounded, pL*(E) < 1, since //(G) = 1 
and // is non-negative, consequently, there exists F G Bf(G) such that F D E 
and /i(-F) = fi*(E). This F may be interpreted as the representative of the 
least upper bound in Bf(G) relative to the latter equality. In view of the 
Proposition VIII. 19.5 [19] the measure // is ergodic. 

In view of Theorems 2.1.7, 2.8, 2.10 the Wiener process on the Hilbert 
manifold G induces the Wiener process on the Hilbert space T e G with the 
help of the manifold exponential mapping. Then the left action of G' 
on G induces the local left action of G' on a neighbourhood V of in 
T e G with u(V) > 0, where v is induced by //. A class of compact sub- 
sets approximates from below each measure ^ , \d (dg) := \f(g) \/i(dg), where 
/ G L 2 (G, /i, C) =: H. Due to the Egorov Theorem II. 1.11 [19] for each e > 
and for each sequence f n (g) converging to f(g) for //-almost every g G G, 
when n — ■> 00, there exists a compact subset K in G such that fi(G \ K) < e 
and fn(g) converges on K uniformly by g G K, when n — > 00. 

In view of Lemma IV.4.8 [61] the set of random variables {4>(B tl , B tn ) : 
U G [t o ,^],0 e G^°(R n ),n G N} is dense in L 2 (F T ,/i), where T > t . In 
accordance with Lemma IV.4.9 [61] the linear span of random variables of 
the type {exp{/ T h(t)dB t (uj) - jf T h 2 (t)dt/2} : h G L 2 [t ,T] (determin- 
istic) } is dense in L 2 (Ft,//), where T > t . Therefore, in view of Gir- 
sanov Theorem 2.1.1 and Theorem 5.4.2 [74] the following space spc{^(g) '■ = 
(p(h, fl ,))( 1 + &i )/ 2 : h G G'} =: Q is dense in H, since p M (e, g) = 1 for each g G G 
and Lh : G — > G are diffeomorphisms of the manifold G, L^(g) = hg, where 
6 G R is fixed. Finally we get from Theorem 3.3 above that there exists /t, 
which is ergodic and Conditions of Theorem 4.1.2 are satisfied. Evi- 

dently G 1 and G are infinite and dense in themselves. Hence from Theorem 
4.1.2 the statement of this theorem, follows. 

In view of Theorems 3.10 and 3.13 [45] a pair of representations T M and 
T v generated by quasi-invariant measures /t and v is equivalent if and only 
if measures \x and v are equivalent. Considering different Wiener processes 
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on G, their transition probabilities and using the Kakutani theorem [11] it 
is possible to construct a family ^ of pairwise nonequivalent measures and 
representations such that card(^f) = card(R). 

4.3. Note. Analogously to §3.3 there can be constructed quasi-invariant 
and differentiable measures on the manifold M relative to the action of the 
diffeomorphism group Gm such that G' C Gm- Then Poisson measures on 
configuration spaces associated with either G or M can be constructed and 
producing new unitary representations including irreducible as in [45]. 

Having a restriction of a transition measure \i from §3.3 on a proper open 
neighbourhood of e in G it is possible to construct a quasi-invariant cr-finite 
nonnegative measure m on G such that m(G) = oo using left shifts Lh on 
the paracompact G. Analogously such measure can be constructed on the 
manifold M in the case of the diffeomorphism group using Wiener processes 
on M. For definite \x in view of Theorems 2.9 [45] and 4.2 the corresponding 
Poisson measure P m is ergodic. Therefore, Theorems 3.4, 3.6, 3.9, 3.10, 3.13 
and 3.14 [45] also encompass the corresponding class of measures m and P m 
arising from the constructed in §3.3 transition measures. 

4.4. Theorem. Let G be an infinite dimensional Lindeldf C°° -Lie group 
and G' be its dense subgroup such that relative to their own uniformities G 
and G' have structures of Banach manifolds with the Hilbert- Schmidt oper- 
ator of embedding A : T e G' T e G. Suppose that T : G' — > U(H) is a 
strongly continuous injective unitary representation of G' such that T{G') is 
a complete uniform subspace in U(H) supplied with strong topology. Then 
there exists on G a quasi-invariant probability measure ji relative to G' . IfT 
is topologically reducible, then /i is isomorphic to product of measures on 
G quasi-invariant relative to G' . 

Proof. Since G and G' are infinite dimensional and Lindeldf, then G and 
G' have countable bases of neighbourhoods of e relative to their topologies 
r and r' respectively, hence they are mertizable [27]. Since G and G' are 
Lindeldf and metrizable, then they are separable [18]. Therefore, T e G and 
T e G' are Lindeldf and separable. 

In view of Proposition II. 1 [60] for the separable Hilbert space H the 
unitary group endowed with the strong operator topology U {H) s is the Polish 
group. Let U{H) n be the unitary group with the metric induced by the 
operator norm. In view of the Pickrell's theorem (see §11.2 [60]): if 7r : 
U(H) n — > U(V) S is a continuous representation of U(H) n on the separable 
Hilbert space V, then 7r is also continuous as a homomorphism from U(H) S 
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into U(V) S . Therefore, if T : G — > U(H) S is a continous representation, 
then there are new representations tc o T : G" — > C/(V) S . On the other 
hand, the unitary representation theory of U(H) n is the same as that of 
I/*, (if) := £/(#) n (1 + L (H)), since the group ET^if) is dense in C/(i?%, 
where L (H) denotes the Banach space of R-linear compact operators from 
H into H . If Hi is an invariant subspace of a representation T, then i^ is 
separable, since G is Lindelof and separable. That is there exists a unitary 
operator S G U(H) such that {ST h S* : /i G G'} leaves invariant subspaces H 1 
and H Q Hi, since each operator SThS* is unitary. Therefore, there exists a 
representation iT : G" — > U(Hi), which is strongly continuous and injective. 
For a Hilbert space i?i, the tangent space TJJ^Hi) can be supplied with 
the natural Banach space structure. 

The norm topology and strong operator topologies induce the same al- 
gebra of Borel subsets of U(Hi), since relative to these topologies U(Hi) is 
Lindelof. Consider a rigged Hilbert space X + X X_ with a nondegen- 
erate positive definite nuclear operator of embedding W : X + <^-> X-. Choose 
X C T e U (Hi) and W < A 2 . Then take on X_ a Gaussian measure v induced 
by a cylindrical Gaussian measure A/ on X with the unit correlation oper- 
ator. The unitary group U^Hi) satisfies the Campbell-Hausdorff formula, 
hence a measure v induces a measure ip on U^Hi). Consider a space La(Hi) 
of all R-linear operators K from Hi into i^i such that KA is a bounded op- 
erator and put H-ft'lU := ||i^||, then La(Hi) is the Banach space. Then 
the completion of U(Hi) relative to the uniformity induced by La(Hi) gives 
the uniform space denoted by U(Hi). Supply La(Hi) by the strong topol- 
ogy with a base of neighbourhoods of zero W e (xi, ...,x n ) := {K G La(Hi) : 
1 1 if Ax j ||_f/i < j = where G i?i, which generates a uni- 

formity. It induces the strong topology s in U(Hi). Relative to such strong 
topology we denote it by U(Hi)g. 

Using cylindrical subsets generated by projections on finite dimensional 
subspaces in TJJ^Hi) with the help of finite dimensional subalgebras T e U (n) 
embedded into TJJ^Hi) induce a measure ip from U^Hi) on U (Hi), which 
is the C°°-manifold. Consider a C°°-vector field X in U(Hi) s , then it induces 
a local one-parameter group of diffeomorhisms g* x acting from the left on 
U(Hi) and hence on U(H{) such that dg x /dt\ t=0 = X, where t G (— e, e) C 
R, e > 0. On the other hand, U^Hi) satisfies the Campbell-Hausdorff for- 
mula. Thus ip can be chosen cr-additive and quasi-invariant on the manifold 
U(Hi) relative to the left action of U(Hi) (see [11]). 
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Since T(G') is complete relative to the strong unifomity inherited from 
U(H) S , then T(G') is closed in U(H) S (see about complete uniform spaces 
in [18]). Thus A : T e G' ^ T e G, T : G' -> U(H) and exponential mappings 
of G' and G as manifolds induce an embedding of G into U(H) S . Denote 
images of G' and G in U(H) S and in U(H) S under embeddings by the same 
letters G' and G. There exists a retraction r : U(Hi) s — > G, since G' is 
closed in U(Hi) s relative to the topology s in U(Hi) s induced by the strong 
operator topology, where r\& = id, r(U(Hi)) = G', r(U(Hi)) = G, r : 
U (Hi) g — > G and r|i/(Hi) : U (Hi) s — > G" are continuous (see about retractions 
in [30]). Therefore, v induces a Gaussian a-additive measure ( on G, where 
C(V) := -^(r^iy)) for each Borel subset V in G. Since G and G' are G°°-Lie 
groups, then they have G°°-manifold structures such that exp : TG — > G and 
exp : TG' — > G' are G°°-mappings, where TG denotes a neighbourhood of G 
in TG. Thus (exp oA o exp -1 )' — I is the Hilbert-Schmidt operator and by 
Theorem II. 4. 4 [11] ip induces a a- additive quasi- invariant measure ( on the 
Borel algebra of G relative to the left action of G', since T^T^ = f° r 
each hi and /i 2 in G'. Instead of a concrete Gaussian measure it is possible 
to induce a quasi-invariant measure on U(Hi) with the help of a positive 
definite functional on T e U(Hi) satisfying the Sazonov theorem. 

If T is topologically reducible, then there exists at least two invariant 
subspaces Hi and H2 in H relative to ST^S* for each h G G', where S is a 
fixed unitary operator. Then a product measure on U (Hi) x U (H 2 ) induces a 
product measure on G. Since H is separable, then such product can contain 
only countable product of probability measures. In view of the Kakutani 
theorem it can be chosen quasi-invariant relative to the left action of G'. 

4.5. Proposition. Consider the semidirect product G := Dif fy (N) (g> s 
(L M N)^ of a group of diffeomorphisms and a group of loops, where £ is such 
that Yt(M,N) C C°°(M,N). Then the tangent space T e G =: g can be 
supplied with the algebra structure. 

Proof. Since TC°°(M,N) = C°°(M,TN), then T e Diff*(N) is isomor- 
phic to the algebra S(iV) of Y^- vector fields on N. For the proof consider foli- 
ated structure of M with foliated submanifolds M m in M such that \J m M m is 
dense in M. Consider subgroups and subspaces corresponding to restrictions 
on M m and then use completion of the strict inductive limits of subgroups 
and subalgebars to get general statement. 

For each / e Y^(M m , SQ tm ; N,y Q ) the Riemannian volume element v m 
in M m , where dim-K_M m =: m, induces due to the Morse theorem natural 
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coordinates in f(M m ) defined almost everywhere in f(M m ) relative to the 
measure /i m on f(M m ) such that // m (V) := ^m(/ _1 (K)) for each Borel sub- 
set V in f(M m ). Let Xi,...,Xk m be natural coordinates in f(M m ), where 
k = dim^K., K = R or C or H. Consider g G TF^(M m , s , m ; iV, y ); then 
lim :r _ >i pr 2 (^(x)) =: ^ G T W) iV, where 1 := (1,...,1) G R U , a, G [0, f ] 
for each Z = l,...,km, pr 2 : TAT — > Z is the natural projection, where 
{y} x Z = T y N for each y & N, Z is the vector space over K. There- 
fore, liia x ^ipr 2 (g(x))-x 1 ...x km Zg = 0, consequently, T Wo Y^(M m , s , m ; N,y ) 
is isomorphic with Y^(M m , so, m ; T yo N, y x 0) ® Z. The latter space has K- 
vector structure and the wedge combination g V / of mappings g and / and 
the equivalence relation induce the monoid structure, hence T e (S M N)^ is 
isomorphic with (S M Z)^ <g> Z and inevitably T e (L M N)^ is isomorphic with 
(L M Z)^ ® Z which is the K-vector space and (/, i>) o w) := (f ° g,v + w) 
gives the algebra structure in T e (L M N)^, where f,g G (L M Z), v,w G Z. 
If AT, P G S(iV), then there exists a Lie algebra structure [X, P] in S(iV). 
For P G F^(M m , TiV) there exists V X P- Thus T e (Dif fg(N) ® s (L M N)^) is 
isomorphic with the semidirect product of algebras So(iV) £g> s [(L M Z) ® Z], 
where S (iV) is a subalgebra of all X G S(iV) such that 7r(X(y )) = 2/o, 
where 7r : TA" — > A" is the natural projection. 

4.6. Definition. We call the algebra g from Proposition 4.5 by the vector 
field loop algebra. The algebra T e Dif f^(N) =: g(N) is called the algebra of 
vector fields (in N). The algbera T e (L M N)^ we call the loop algebra. 

For N = S 4 supplied with the quaternion manifold structure (see §2.1.3.6) 
consider the semidirect product of groups Diff H (S 4z )<S> s H, where H is consid- 
ered as the additive group. Then we call T e (Pi// H (S' 4 )(g)H)o =: (g(5 ,4 )(g>h) 
the quaternion Virasoro algebra, where go denotes the octonified algebra g, 
O denotes the octonion division algebra (over R). 

4.7. Theorem. Let g' be a vector field loop algebra or an algebra of 
vector fields or a loop algebra. Then there exists a family $ of the cardinality 
card(Q) = card(R) of infinite dimensional pairwise nonequivalent represen- 
tations t : g' — > gl(P^), where g\(H) denotes the general linear algebra of the 
Hilbert space H over R. 

Proof. Let C be the category of Lie groups with differentiable morphisms, 
let also A be the category of algebras over R. Use the tangent covariant 
functor T from the category C into A such that for each object L G C we 
have T(L) = A G A and T : Mor(L, V) -> Mor(A, A') such that T (««') = 
T(a)T(a') for each a G Mor(L, V) and a' G Mor(L',L"), T(1 A ) = 1 T(A) . 
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In particular, for a cliff erentiable unitary representation a G Mor(G,U(H)) 
we get T (a) G Mor(g, u(H)). 

Consider at first a unitary representation of the group G given by Theo- 
rem 4.2 such that it is induced by the differentiable measure. Since G has the 
C^-manifold structure, then the operator : G — > G such that Lh(g) '■= hg 
for each h, g G G is strongly differentiable. Relative to a strongly differen- 
tiable operator S on a Banach space such that S' — I is the Hilbert-Schmidt 
operator the Gaussian transition measure transforms in accordance with The- 
orem II. 4. 4 [11]. In accordance with Theorem 3.4.3 [6] for each k G N the 
solution £ of the stochastic equation from §3.3 possesses k bounded Frechet 
derivatives relative to the action of Lh up to stochastic equivalence of the so- 
lution. The exponential mapping exp of G as the manifold is also of class C°° . 
The measures considered in Theorem 3.3 are infinite differentiable relative to 
left shifts Lh of a dense subgroup G' in G. Thus the quasi-invariance factor 
Pfi(h,g) is also strongly differentiable by h G G' . Therefore, the irreducible 
unitary representation of G' in U (H) is strongly differentiable and induces 
the representation t : g' — > u(H), where g' = T e G' and u(H) = T e U(H). On 
the other hand, each unitary group U^H) of a complex separable Hilbert 
space H is isomorphic with the general linear group GL^Hr) of compact 
R-linear operators from Hr into Hr, where Hr is the space H considered 
over R which is induced by the isomorphism of C as the R-linear space with 
R 2 . Thus u(H) is isomorphic with the general R-linear algebra gl 00 (i?R) 
of all compact R-linear operators w : Hr — > Hr. The group V 'oo(H) is 
dense in U(H) S , consequently, strongly continuous irreducible representation 
T : G' — > U(H) induces the irreducible representation t : g' — > gl(i?R), where 
gl(i^R) denotes the algebra of all continuous R-linear operators from i^R, into 
Hr. Since card(^o) = carrf(R) in Theorem 4.2 for the subfamily y&o of ^ of 
strongly differentiable unitary representations, hence carrf($) = card(R). 

4.8. Theorem. The algebra (g(5* 4 ) ® s h) is the algebra over octonion 
division algebra O such that there exists an embedding into it of the standard 
Virasoro algebra of S 1 . A set of generators of (g(S 4 ) (S> s h)o is {exp(lmz) : 
m G Z} U {y}, where O = H © HI, I is the doubling generator of O over H ; 
y,z G H. 

Proof. Mention that H is the Abelian Lie group when H is consid- 
ered as the additive group. Then to it there corresponds the Lie algebra h 
over R. The unit sphere S 4 is homeomorphic with the one-point (Alexan- 
droff) compactification of H. There exists the epimorphism exp : X3 — > 
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5(0,0,1), where J 3 := {y G O : Re(y) = 0}, 5(0,0,1) := {z G O : 
\z\ = 1} (see Corollary 3.5 [48]). Therefore, exp(ZH) is the four dimen- 
sional unit sphere S 4 embedded into 5(0,0,1). In view of Corollary 3.4 
[48] exp(z(l + 2irk/\z\)) = exp(z) for each ^ z G J 3 , exp(O) = 1. In 
the O-vector space C°(B(IH, 0, 1), O) is dense the subspace of polynomi- 
als P n (lz) = J2\ v \<n{( a v, (l> z ) v )}q(2\v\), where z G H, a Vk G O for each k, 
(a v ,x v ) := a vl x Vl ...a Vp x Vp , p G N, v = (v 1 ,...,v p ), < v k G N, |u| := 
f i + {6i...6 p } g (p) denotes the product of octonions b±, b p in an associ- 

ation order prescribed by the vector q(p), B(X, z, r) := {y G X : y) < r} 
denotes the ball in the metric space (X,p), r > 0, z G X (see §2.1 [48]). 
From this it follows, that the O-vector space C°(S 4 , O) is R-linearly isomor- 
phic with the O-vector space of continuous functions / : H — > O periodic 
in the following manner: f(z + 2irkz/\z\) = f(z) for each / z 6 H and 
each k G Z. Each function exp(/m^) has the decomposition into the se- 
ries exp(lmz) = J2 P x Lo{l mz ) p /p' converging on H, where z G H, m G Z. 
Therefore, the system of equations 

(i) (lz) k = J2m a m,kew^ mz ) 
is equivalent to J2 m a m,fc mP /p' = &k,p and the latter has the real solution 
a-m,k G R for each m, k, where 5 mt k = 1 for m = k and 5 m ^ = for m ^ k 
is the Kronerek delta. These expansion coefficients a m ^ can be expressed in 
the form: 

{%%) a m)k = j B (lz) k exp(lmz)X(dz) / X(B) , 
where A ^ denotes the measure on H induced by the Lebesgue measure on 
R 4 , B : = B(H,0,2tt). 

Thus K m := exp(lmz)l*d/dz is the basis of generators of the algebra of 
vector fields on S 4 = exp(ZH), z G H, where d/dz denotes the super differen- 
tiation by the quaternion variable z. Consider the subgroup Dif f H,p (B) of 
Diff H (B) consisting of periodic diffeomorphisms f(z(l + 2nk/\z\)) = f{z) 
for each ^ z G H. Then put 

{in) c(f,g) := f B Ln(f(g(z)).l)dLn(g'(z).l) for each /,<? G Diff"*(B) 
and define the semidirect product Diff ,p (B) (S> s H such that 

(iv) (g(z),y 1 )(f(z),y 2 ) := (f(g(z)),y 1 +y 2 + c(f,g)), 
where Ln denotes the logarithmic function for O (see about Ln in [48]). This 
induces the semidirect product Dif f H (S 4 )® s H. Therefore, T e (Dif f H (S 4 )® a 
H)o is the algebra over O denoted by (g(5 4 )® s h)o which is the octonification 
of T e (Dif f H (S 4 ) ® s H), that is obtained by extension of scalars (expansion 
coefficients) from H to O. In view Formulas (i — iv) (g(5 4 ) ® s h)o has the 
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basis of generators A m = K m + w m y, where w m G R is a constant for each 
m G Z, y G H. Thus [An,y] = for each m G Z and y belongs to the 
center of this algebra, y G Z((g(S 4 ) ® s h) ). Let f(z) be a quaternion holo- 
morphic function from H into O. Then [K n , K m ]f(z) = {(K n exp(lmz)) — 
(K m exp(lnz))}l*df(z)/dz. On the other hand, df(z)/dz p = (df(z)/dz).i p , 
where z = J2l=o z phi z p G R, i p G {l,i,j,k}, df(z)/dz is generally neither 
right nor left linear operator in H. It remains to calculate (K n exp(lmz)).i p 
to verify, that [A n , A m ] G (g(5' 4 ) <g> s h) and embed into it the Virasoro alge- 
bra of S 1 , where i p G {l,i,j,k}, p = 0,1,2,3. Evidently, [K n , K m ].lf(z) : = 
(m — n)K m+n Af(z), where (d/dz)A =: d/dz\. Then (d exp(lmz)/dz).i p = 
m (J2^=i J2k=o((l mz ) k ' {lip)){lTnz) n ~ k ~ 1 /n\) , since O is power-associative. There 
are identites: (lz)(lw) = —wz, {{lz){li p )){lz) = z(i p z), (lz)(li p ) = —i p z, 
(li p )(lz) = zi p for each z,w<E~H,p = 0, 3, where z = z* is the conjugated 
quaternion z. Therefore, 
(d exp(lmz) / dz) .i p = 

m(En=l ( — ) [ fc /2]+[(«-fc-l)/2] (( ZyrlJ2f )fc-2[fc/2] ( Zf ^)) ( Zrre;a; )»-fc-l-2[(»-fc-l)/2] /^f) ^ 

since R is the centre of O, where [a] denotes the integer part of a G R, [a] < a, 
p = 1,2, 3. Hence 

(v) (dexp(lmz)/dz).i p = m(e lmz + e- lmz )((lz)-\i p z - ((lz)l*)i p )) 
+m(e /mz -e- Zmz )((/^)- 1 (^ p -i p ((/2)/*))-((e imz -e~ /mz )(^)- 1 )((/2)^ 1 (i p z + 

{{iz)r)ip))/A, 

where (Iz) l (i p z - ((lz)l*)i p ) and ((lz) 1 (zi p — i p ((lz)l*)) and (Iz) 1 (i p z + 
((lz)l*)i p ) do not depend on \z\, p = 1,2,3. The equations (lz)~ l i p z = 
E" =0 e lmz t) m and (lz)' l ((lz)l*)i p = Y^ =Q e lmz w m are equivalent to i p z = 
NE^oEn'oMX/n! and ((lz)l*)i p = (lz) E^ =0 T^o(lmz) n wJn\ 
respectively, which evidently has the solutions with expansion coefficients 
v m , w m G HU/H, since (lz) n = (-|M 2 ) [n/2l O) n ~ 2[n/21 for each n G N, where 
z G H, p — 1, 2, 3. Using decomposition of (e lmz — e~ lmz )(lz)~ 1 into the power 
series by (lz) k and Equation (i) we get the expansion (e lmz — e~ lmz )(lz)~ 1 = 
J2kLo b m,ke kmz , where b mM are real coefficients. Using f(z) = J2 7 p=0 f p (z)i p 
with f p (z) G R for each p we get, that 

(yi) [K n ,K m ]f(z) =J2 se zY7p=o( K sa s ,p)(f(z)b S:P ), 
where i p G {l,i,j,k,l,li,lj,lk}, p = 0, ...,7, a SjP and b, %p G O are octonion 
constants for each s,p. 

The usual Virasoro algebra Vir of S* 1 is the complexification of the algebra 
of vector fields on S l centrally extended and it has generators L n := Y n + v n x, 
where v n G R for each n G Z, x G R, Y n := exp(in<j))i*d/d(j), where (f> is the 
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polar angle parameter on S 1 , G [0, 2n], i = (— l) 1 / 2 . The commutation 
relations are: [L n , L m ] := {m — n)L m+n + s(n 3 — n)5 n - m x/12, [L n , x] — for 
each n, m e Z, where s is a real constant. Thus Vir has the embedding into 
(g(S 4 ) ® s h) G . 

4.9. Corollary. T/ie algebra go := (g(5' 4 ) ® s h) has a family $ o/ the 
cardinality car d{^) = card(R) of infinite dimensional pairwise nonequivalent 
representations t : go — > gl(i/)o- 

Proof. There exists a group G = Diff^(S 4 ) ® s H such that T e G" has an 
embedding into T e G of the Hilbert-Schmidt class, where G' = Dif f H (S 4 ) <S> S 
H (see §2.1.5). In view of Theorems 4.2 and 4.7 g := T e G' has a family $ of 
representations into T c u(H-r). Each t e $ has the natural extension on the 
octonification: t : go — > u(/Jr)o- 
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